FIRST EVALUATION OF ALGEBRA 1II
(September 28th, 2017)

1. Given the cone

0 1 1 O 1 0 1 1
0 1 0 1 o 1 1 2
A,=| 0 10 0 -1 0 -1 1 (1)
0 11 -1 1 0 0 2
-1 1 0 1 0O 1 2 0 .
Answer the following questions:
a) Obtain the dual cone AP (8 points).
b) Obtain the edges of the cone A, (4 points).
¢) Obtain the main facets of the cone A, (4 points).
d) Obtain the edges of the cone AP (4 points).
e) Obtain the dual cone of the cone (4 points)
0 1 0 1 1 0 1
0 0 1 0O 1 1 1
B, = 0 0 0 -1 10 -1
0 1 -1 1 1 0 O
-1 0 1 0o 1 1 2

T

f) Investigate if the vectors (1,0,0,0,0), (0,1,0,0,0), (0,0,1,0,0), (0,0,0,1,0) y (0,0,0,0,1)

0 1 1 0O 1
0 1.0 1 0
belong to the cone 0 1.0 0 -1 . (4 points).
0 11 -1 1
-1 1 0 1 0

K

g) Determine the conditions under which the following system is compatible (8 points):

0 1.1 0 a
0 10 1 o 0
0 10 0 2= | o (2)
0 11 -1 |\™ a
-1 10 1 i —a
L1, X2,T3,T4 > 0. (3)
h) Obtain the solution of the system: (8 points):
11 1 1 1 -1
1 0 0 1 T2 0
01 0 -1 I I (4)
1 0 -1 1 T4 0

i) Obtain the solution of the system containing the first three equations of the system (4) (6 points).
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1. Solution of Problem 2 (50 points):

(a) (8 points)

(b) (4 points) (¢) (4 points) (d) (4 points) (e) (4 points)

(f) (4 points) (g) (8 points)

(h) (8 points) (i) (6 points)




SOLUTIONS TO THE FIRST EVALUATION OF ALGEBRA II:
(September, 28th, 2017)

1. SOLUTION TO PROBLEM 2.

a) Solution: First, we apply the I', algorithm and obtain the tables:

Tteration 5

Tteration 4
Tteration 3 1 11— asw> wi wiviw?
Iteration 1 It§r3t1§n22 aswiviviviws A4W W Vi Vo W3 15 O1 —12 OB-i O4
Ty TvIv]| Ravivaviviw]) SR A [0T0 =T 010 g g ) 7 g
LYV VoVaVaVsTIT 0 0 0 0 1/-1 1-10 -1
0T 0000|101 000l002000{,75 070o0lFf11l1-10
00 1000||;(p00100ll0(00100/55 001 0llt00010
000100 110001 0 0/0 0001
1100010 110 000 1
000010 0/0 000 1 t59[1 2-110
10000 1 t4-1 1-1-1 0
—%00001t211111t3—1110 114111121511112
t10 0 0 0-1 P11 1112 32223
7’1111 32223
222 4 4 3 3 4
33
4
. Tteration 7 Tteration 8
Iterat10n6 aW7W7W7W7W7W7-aWSWSWr8W8W8W8W8W8
aGW?wgwgwgwg 17 11 12 13 04 15 16 18 11 12 13 14 15 617 18
0T 311 y 7 y )
115 0 4 k-1 0-1-100[2-10-100-1-2-2
110 01 0-11{/1/0 0 1-110 11
00 Y T Solarr00 0211100110
10000 1120001 00]j0j0 0000112
BT 5 0 1 ol 0 -L-1 1 0-2/t%-31-2-20-1-4-4
1611112171112111811111222
392 2 3 322 3 4 2 32242334
145331 4 3345 4 43354546
5545 6 6 55466 677
555 45
6 6 7 6 7 7
Dual Cone
B B S B B S G B
1-100-1-2-2-1-10 -1
01-110110T1¢-10
1-1001-1021 2 2
0000112000 1
T T 11222111 2
3242334325 3
4354546536 5
5466 67788 8 6
7 78 7 8

The dual cone asked for is the one generated by the 11 columns in the final table.

b) To obtain the edges of the cone A, we need to obtain the dual cone of the dual of A,. However, we
do not need to repeat the tables, because from the final table we can obtain:

Cono Dual

ai ag as ay as ag ar ag
1 2 1 1 1 3 1 4
2 4 2 2 4 3 8
3 5 5 3 5 5 5 9
4 6 6 4 8 7 6 10
§ 7 8 6 10 10 7 11
9 9 9 7 11 11

10 11 11

noindent and since we cannot simplify, the edges of the cone A, are a1, as, as, a4, a5, ag,ar, ag

¢) The main facets of the cone A, are those in the final table:
{(1,3,4,5,7),(1,2,3,4),(1,4,5,6,7),(1,2,4,6,8),(2,3,5,6,7),(2,3,4,7)

(2747 67 7)’ (1737 5’ 8)’ (17 27 3’ 8)7 (17 5’ 6’ 8)7 (27 3’ 57 678)}'



d) The edges of the cone AP are wi to wi; in the final table.

e) To obtain the dual of the given cone, we do not need the last iteration, because the last generator is
not in this cone. Thus, in the columns w of iteration 8 we have the generators of the cone.

f) To know if the given vectors belong to the cone A it is sufficient to multiply the matrix of given
vectors by the matrix in iteration 6, to get:

100 00 1 -3 -1 1 0 1 -3 -1 1 0
01 0 00 -1 2 0 —1 1 -1 2 0 -1 1
001 00 0 -1 0 1 0| = 0 -1 0 1 0
00010 -1 2 1 -1 0 -1 2 1 -1 0
0 0 0 01 0 0 0 0 1 0 0 0 0 1

For the vectors to belong to the cone, we must have in columns 1, 2, 3, 4 and 5 less than or equal to
zero values and in the column 3 zero values. Consequently, no vector belongs to the cone.

g) To know if the given system is compatible, we need the dual of the cone generated by the columns
of the coefficient matrix, that can be obtained in the table, at iteration 5, and multiply scalarly by
the independent terms vector by the generators, obtaining:

0-1 0-1 0
0 0-1 1-1

(a00a—-a)| -1 1 1 -1 0|=(0,-a,0,0, —a),
0 0 0 1 0
00 0 0 1

which implies a > 0, because the fourth generating vector is a v vector.

h) To solve this, we use the table in iteration 6. Thus, the solution of the system is:

- 0 1 _3 1 1
P I 1 2 0 1
s | T o [T o | T 1 | T o | T
4 0 1 2 1 1

i) The solution of the system of the first three equation can be obtained from the table in iteration 5:

o 0 0 1 0 1
@ 1 0 0 1 1
ea | | o | T o [T o | T o | T o
4 0 0 0 0 1



