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Figura 5.18: Ejemplo de sistema mecánico con cuatro masas.

Supóngase que el sistema se mueve de izquierda a derecha, las tensiones y la
aceleración se pueden obtener resolviendo el siguiente sistema de ecuaciones:

T1 − F1 −R1 = m1a
T2 − T1 − F2 −R2 = m2a
T3 + F3 − T2 −R3 = m3a
F4 − T3 −R4 = m4a,

(5.169)

o en forma matricial equivalente




−1 0 0 m1

1 −1 0 m2

0 1 −1 m3

0 0 1 m4







T1

T2

T3

a


 =




−m1g(sinα + µ1 cosα)
−m2g(sinα + µ2 cosα)
m3g(sinβ − µ3 cosβ)
m4g(sinβ − µ4 cosβ)




T1, T2, T3, a ≥ 0.

(5.170)

Por otro lado, si el movimiento es de derecha a izquierda, el sistema de
ecuaciones (5.169) se convierte en:

F1 − T1 −R1 = m1a
T1 − T2 + F2 −R2 = m2a
T2 − F3 − T3 −R3 = m3a
T3 − F4 −R4 = m4a.

(5.171)

5.10.3 Splines Cúbicos

En esta sección se analiza una aplicación de los sistemas lineales de ecuaciones
al diseño asistido por computador (Computer Aided Design, CAD). Se usan

Consider a mechanical system consisting of four masses m1, m2, m3 and m4

sliding on two inclined planes, connected by a rope that goes around a pulley
placed at the top (see Figure).

Let µi be the friction coefficient associated with the mass mi, i = 1, 2, 3, 4.

According to Newton’s second law, the algebraic sum of the forces acting on
a body is the product of its mass by acceleration.
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The Figure shows the forces that act in each of the four masses of the
mechanical system, where Fi is the component of the weight in the direction

of movement, Ti is the tension of the string, and Ri is the friction force.

Fi =

{
mig sinα, if i = 1, 2,

mig sinβ, if i = 3, 4,

Ri =

{
µimig cosα, if i = 1, 2,

µimig cosβ, if i = 3, 4.
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Assume that the system moves from left to right, the tensions and
acceleration can be obtained from the system:

T1 − F1 −R1 = m1a

T2 − T1 − F2 −R2 = m2a

T3 + F3 − T2 −R3 = m3a

F4 − T3 −R4 = m4a,

(1)

or in equivalent matrix form



−1 0 0 m1

1 −1 0 m2

0 1 −1 m3

0 0 1 m4







T1

T2

T3

a




=




−m1g(sinα+ µ1 cosα)

−m2g(sinα+ µ2 cosα)

m3g(sinβ − µ3 cosβ)

m4g(sinβ − µ4 cosβ)




T1, T2, T3, a ≥ 0.

(2)



MECHANICAL SYSTEM

If we analyze the compatibility of the system:



−1 0 0 m1

1 −1 0 m2

0 1 −1 m3

0 0 1 m4







T1

T2

T3

a




=




−m1g(sinα+ µ1 cosα)

−m2g(sinα+ µ2 cosα)

m3g(sinβ − µ3 cosβ)

m4g(sinβ − µ4 cosβ)




T1, T2, T3, a ≥ 0.

(3)

it results:
Iteration 1
a1v

1
1v

1
2v

1
3v

1
4

-1 1 0 0 0
1 0 1 0 0
0 0 0 1 0
0 0 0 0 1
t1 -1 1 0 0

Iteration 2
a2w

2
1v

2
1v

2
2v

2
3

0 -1 1 0 0
-1 0 1 0 0
1 0 0 1 0
0 0 0 0 1
t2 0 -1 1 0

Iteration 3
a3w

3
1w

3
2v

3
1v

3
2

0 -1 -1 1 0
0 0 -1 1 0
-1 0 0 1 0
1 0 0 0 1
t3 0 0 -1 1

Iteration 4
a4 w4

1w
4
2w

4
3v

4
1

m1 -1 -1 -1 1
m2 0 -1 -1 1
m3 0 0 -1 1
m4 0 0 0 1
t4

And since we can pivot, because m1 +m2 +m3 +m4 > 0, The orthogonal
subspace is the null subspace, that is, the system is always compatible.
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On the other hand, if the movement is from right to left,
the system of equations becomes:

F1 − T1 −R1 = m1a

T1 − T2 + F2 −R2 = m2a

T2 − F3 − T3 −R3 = m3a

T3 − F4 −R4 = m4a.

(4)



EXAMPLE OF ELECTRIC CIRCUITS
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Circuits or electrical networks are built by interconnecting components.

In this example only resistance and batteries are considered. The batteries
connected in series determine terminal voltages that depend on the way in
which polarities of them are organized.

In figure (a) the terminal voltage is V1 + V2, while in (b) the terminal voltage is
V1 − V2.
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Figura 5.15: Ilustración de un problema de flujo en redes.

Figura 5.16: Dos formas diferentes de conectar las mismas bateŕıas en serie.
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All problems associated with electrical circuits that contain batteries and
resistors can be resolved using two important laws:

1 Ohm’s law : when a resistor is connected to a battery, the relation between
the voltage V and the current intensity I is given by

V = RI

where R is the resistance.

2 Kirchhoff’s law: which states that the algebraic sum of the voltages of a
loop closed must be equal to zero. Note that some of these voltages can be
positive and others negative
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1. La ley de Ohm: cuando una resistencia se conecta a una bateŕıa, la relación
entre el voltaje V y la intensidad de corriente I es

V = RI

donde R es la resistencia.

2. La ley de Kirchhoff: que establece que la suma algebraica de los voltajes
de un bucle cerrado tiene que ser igual a cero. Nótese que algunos de estos
voltajes pueden ser positivos y otros negativos.

Figura 5.17: Circuito cerrado con 4 bateŕıas y 6 resistencias.

Ejemplo 5.18 (Circuito eléctrico). Considérese el circuito cerrado de la
Figura 5.17. De acuerdo con las leyes anteriores, las corrientes de los tres bucles
se pueden calcular resolviendo el sistema de ecuaciones siguiente:




R1 + R2 + R3 + R4 −R4 0
−R4 R4 + R5 −R5

0 −R5 R5 + R6







I1
I2
I3


 =



−V1 + V2

V3

−V2 + V4


 .

(5.165)
Este sistema siempre es compatible, como puede verse usando el Algoritmo

5.1. Si ahora se suprimen las resistencias R4 y R6, el sistema (5.165) se convierte
en




R1 + R2 + R3 0 0
0 R5 −R5

0 −R5 R5







I1
I2
I3


 =



−V1 + V2

V3

−V2 + V4


 . (5.166)

Consider the closed circuit of the Figure. In accordance with the previous
laws, the currents of the three loops can be calculated by solving the
following system of equations:



R1 +R2 +R3 +R4 −R4 0

−R4 R4 +R5 −R5

0 −R5 R5 +R6






I1

I2

I3


 =




−V1 + V2

V3

−V2 + V4


 . (5)

This system is always compatible, as can be seen next.
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If we analyze the compatibility of the system:


R1 +R2 +R3 +R4 −R4 0

−R4 R4 +R5 −R5

0 −R5 R5 +R6






I1

I2

I3


 =




−V1 + V2

V3

−V2 + V4


 .

it results:

Iteration 1 Iteration 2 Iteration 3
a1 v1

1 v1
2 v1

3 a2 v2
1 w2

1 a3 w3
1

0 1 0 0 −R4 1 0 R1 +R2 +R3 +R4

(R4 +R5)(R5 +R6)

R5R4

−
R5

R4

−R5 0 1 0 R4 +R5 0
R5 +R6

R5

−R4

R5 +R6

R5

R5 +R6 0 0 1 −R5 0 1 0 1

t1 0 −R5R5 +R6 t2 −R4

(R4 +R5)(R5 +R6)

R5

−R5 H

and since we can pivot at iteration 3, because

H =
R1R4R5 +R2R4R5 +R3R4R5 +R1R4R6 +R2R4R6 +R3R4R6 +R1R5R6 +R2R5R6 +R3R5R6 +R4R5R6

R4R5

> 0

the orthogonal subspace is the null subspace, that is, the system is always
compatible.


