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Abstract:
We will consider the Cauchy problem for Nonlinear Di�usion equations of

porous medium type ut = �Lum, with m > 1 and investigate whether or not
integrable data produce bounded solutions. The di�usion operator belongs to
a quite general class of nonlocal operators, and we will see how di�erent as-
sumption on the operator imply (or not) smoothing properties. We will briey
compare the approach based on Moser iteration and the approach through Green
functions. On one hand, we show that if the linear case (m = 1) enjoys smooth-
ing properties, also the nonlinear will do. On the other hand, we see that in
some cases the nonlinear di�usion enjoys the smoothing properties also when
the linear counterpart does not, thanks to the convex nonlinearity.
Following Nash' ideas, we see how smoothing properties are often equiv-

alent to the validity of Gagliardo-Nirenberg-Sobolev (and Nash) inequalities:
we explore these implications also in the nonlinear and nonlocal context and
the connection with dual inequalities (Hardy-Littlewood-Sobolev) and Green
function estimates.
This is a joint work with J. Endal (UAM, Madrid).
If time allows, we will complete the panorama by showing related results on

Euclidean bounded domains (joint works with Figalli, Ros-Oton, Sire, Vazquez)
and/or on Riemannian Manifolds (joint works with Berchio, Ganguly, Grillo,
Muratori), together with a small detour on the Fast di�usion case m < 1 (joint
work with Ibarrondo and Ispizua).
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