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Abstract—This paper presents a security redispatching proce-
dure that allows achieving an appropriate security level in terms
of small-signal rotor angle stability. The proposed methodology is
based on an OPF problem that explicitly considers security limits
through stressed loading conditions. The solution of the proposed
redispatching procedure yields the optimal preventive control ac-
tions to be implemented to ensure a given security level. The New
England 39-bus, ten-machine and the IEEE 145-bus, 50-machine
systems are used for illustrating, testing, and discussing the pro-
posed technique.

Index Terms—Hopf bifurcation, loading margin, optimal power
flow, small-signal rotor angle stability, voltage stability.

NOTATION

The notation used throughout the paper is stated below for
quick reference. Throughout the paper, the superscript “A”
indicates base-case solution and the superscript “ ” indicates
stressed operating condition.

A. Functions

Objective function.

Cost function of load active power
adjustments.

Cost function of generation active power
adjustments.

Penalty function of voltage magnitude
adjustments.

B. Variables

Active power consumption of demand .

Active power production of generator .

Reactive power production of generator .

Voltage magnitude at bus .

Active power decrease in demand for
security purposes.

Active power decrease in generator for
security purposes.
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Active power increase in generator for
security purposes.

Voltage magnitude decrease at bus for
security purposes.

Voltage magnitude increase at bus for
security purposes.

Voltage angle at bus .

Loading margin.

Optimal loading margin resulting from
the OPF problem defined in Appendix A.

C. Eigenvalues

Pair of complex eigenvalues associated
with the system state matrix.

D. Constants

Cost of decreasing load for security
purposes.

Offering cost of generator to decrease its
dispatched power for security purposes.

Offering cost of generator to increase its
dispatched power for security purposes.

Penalty factor for decreasing voltage
magnitude at bus .

Penalty factor for increasing voltage
magnitude at bus .

Series admittance of the branch
connecting buses and .

Total shunt admittance of the branch
connecting buses and .

Maximum current magnitude through
branch .

Maximum power output of generator .

Minimum power output of generator .

Reactive power capacity of generator .

Minimum reactive power limit of
generator .

Active power ramp-up limit of generator
.
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Active power ramp-down limit of
generator .

Power factor angle of demand .

Maximum voltage magnitude at bus .

Minimum voltage magnitude at bus .

E. Parameters

Time interval considered.

Security margin.

Probability of the considered operating
condition. For the stressed cases, it is the
probability of a line outage occurrence.

F. Sets

Set of demands.

Set of demands located at bus .

Set of online generators.

Set of online generators located at bus .

Set of all stressed operating conditions.

Subset of stressed operating conditions
relevant for small-signal instability
analysis .

Set of buses.

Set of generator buses.

Set of network branches.

Set of branches connected to bus .

I. INTRODUCTION

A. Motivation

M OST existing electricity markets have led to a neat
separation between the economical analysis (market

clearing procedure) and the technical one (security assessment).
Furthermore, market participants expect that the security as-
sessment modifies as little as possible the economical dispatch
solution. In order to ensure that the security adjustments have
the minimum impact on the original market solution, an appro-
priate approach requires modeling the behavior of the system
and the security constraints in detail. As a consequence, the
operator typically has to deal with a nonlinear model and ad-
vanced stability analysis concepts, such as bifurcation theory.
Thus, the security-targeted redispatching step is a complex
and not fully solved task. In this vein, the paper focuses on
a redispatching procedure that is able to ensure small-signal
rotor angle stability while minimizing generally supplier and
demand power changes.

B. Literature Review

Small-signal stability is concerned with the ability of a power
system to maintain synchronism under small disturbances [1].

Small-signal instability typically appears in the form of rotor
angle oscillations whose amplitude increases due to insufficient
damping torque. These oscillations can be originated by local
modes or by inter-area modes. The former are typically rotor
angle oscillations of a single generator swinging against the rest
of the system. Damping these oscillations depends on 1) the
strength of the transmission system at the generator point of
connection, 2) the generator excitation control system, and 3)
the generator power output. Inter-area mode oscillations con-
sist in a group of generators swinging against another group of
generators. The characteristics of these oscillations are complex
and differ significantly from those of local mode oscillations
[2]–[4]. Regardless of the local or inter-area nature of the os-
cillation modes, the small-signal instability is always originated
by one or more pair of complex eigenvalues whose real part be-
comes positive. This phenomenon is known as Hopf bifurcation
[5] and has been widely studied in recent years [6]–[9]. Sev-
eral damping controllers have been proposed to avoid Hopf bi-
furcations. For example, power system stabilizers (PSS) have
proved to be effective in improving small-signal stability. How-
ever, damping controllers cannot guarantee that no Hopf bi-
furcations occurs [10]. As a matter of fact, Hopf bifurcations
can have catastrophic consequences on power systems (e.g., the
WSCC blackout of August 10, 1996).

Despite the importance of Hopf bifurcations, the considera-
tion of small-signal rotor angle stability constraints in electricity
markets is still an open field of research. In [10], the authors
propose two sensitivity-based methods to reschedule the gen-
eration in order to maximize the power transfer between two
areas subject to the small-signal stability constraints under a set
of selected contingencies. Both methods use a linear optimiza-
tion problem in which the amount of active power generation
rescheduled in one area is balanced by rescheduling the same
amount of active power generation in other area. Contingency
filtering is based on the damping ratio of the least stable rotor
angle mode in the system [11]. The small-signal stability con-
straint is formulated in terms of sensitivities of this damping
ratio with respect to the active power generation that corre-
sponds to a previously selected set of generators. In [12], the
authors include small-signal stability constraints in an optimal
power flow (OPF) problem in which the expected security cost,
first proposed in [13], is minimized. The OPF problem includes
the pre-contingency operating conditions and the post-contin-
gency operating conditions for the entire set of credible contin-
gencies. In [12], the small-signal stability constraints are for-
mulated in terms of the first- and second-order sensitivities of a
set of critical eigenvalues with respect to the OPF decision vari-
ables. In this paper, small-signal stability constraints are defined
based on first-order sensitivities of critical eigenvalues with re-
spect to generator powers.

C. Tool Features and Contributions

This paper improves and extends the security redispatching
procedures described in [14] and [15] in order to take into
account small-signal stability. The resulting security redis-
patching procedure allows achieving an appropriate security
level in terms of both voltage stability and small-signal sta-
bility. The proposed procedure is based on an OPF problem that
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includes voltage stability constraints as well as small-signal
stability constraints. It has to be noted that the proposed
technique serves in those cases where small-signal instability
occurs despite existing regulation. In other words, the proposed
procedure does not adjust the power productions of market par-
ticipants instead of using PSS devices, but because the actions
of the existing controllers (PSSs included) are not sufficient to
provide the system with the required security level.

As in [12], the proposed procedure considers several oper-
ating conditions, the adjusted one and a set of stressed operating
conditions. The main difference with [12] is that each stressed
operating condition is characterized by both a contingency and
a fictitious loading level that defines a distance, in terms of load
power, to instability and/or collapse. Furthermore, we propose
a contingency filtering procedure that allows selecting the very
critical contingencies, i.e., a reduced subset of all credible con-
tingencies.

The solution of the proposed redispatching procedure yields
the optimal preventive control actions that have to be imple-
mented to ensure a given security margin in terms of small-
signal stability. Furthermore, as a byproduct of the proposed
OPF problem formulation, voltage stability is also ensured.

D. Paper Organization

The paper is organized as follows. In Section II, the OPF
problem is formulated and the steps of the redispatching pro-
cedure are described. In Section III, the performance of the
proposed procedure is tested using the New England 39-bus,
ten-machine system and the IEEE 145-bus, 50-machine system.
The results are analyzed and discussed. Finally, Section IV gives
some conclusions.

II. SECURITY REDISPATCHING PROCEDURE

This section presents a redispatching procedure based on a
small-signal stability constrained optimal power flow (SSSC-
OPF) problem to help the independent system operator (ISO)
ensure an appropriate security level. We assume that the ISO
has access to the technical information of generators and that
the generators communicate their offers to the ISO.

The ISO has to ensure that the system operates in safe and
stable conditions, including adequate margins with respect to
voltage and angle stability. Since small-signal angle stability
analysis cannot be performed without the knowledge of tech-
nical data (e.g., machine parameters), one has to assume that
the ISO has access to such information or, at least, can estimate
with reasonable accuracy the required data. As far as we know,
ISOs have a reasonable knowledge of the technical data of the
system under their control. Furthermore, it is not required that
the ISO knows everything of the entire interconnected system.
For example, in Europe, the ISO of each country generally has
detailed dynamic information only about its national system and
has developed adequate static and dynamic equivalents to model
the behavior of interconnection buses.

A. SSSC-OPF Problem Description

This subsection describes in detail the objective function and
all constraints used in the SSSC-OPF problem. The starting

point of our analysis is the working condition established
through a dispatching procedure (e.g., a market clearing algo-
rithm) adjusted by losses in such a way that the voltage profile is
optimized. This solution, hereinafter denoted as base case, does
not typically take into account security. Thus, the ISO has to
check whether redispatching actions (that modify the base-case
solution) are needed. In the proposed procedure, redispatching
does not substitute PSS or any other existing controller actions
but, rather, provides additional means to obtain the required
stability margin.

1) Objective Function: The proposed objective function is
aimed at minimizing the variations with respect to the base-case
solution. In particular, the objective function is composed of
several terms representing adjustment costs and penalty func-
tions. The adjustments correspond to changes on the generated
and consumed powers, while the penalty functions concerns
voltage magnitudes at generator buses. These terms are as fol-
lows:

1) The cost function of generation power adjustments is de-
fined as:

(1)

where and are offering costs provided by sup-
pliers. In practice, these offers can be chosen equal to the
generator price offers used in the market clearing proce-
dure, which is solved before the proposed redispatching
OPF problem.

2) The penalty function of voltage magnitude adjustments at
generator buses is

(2)

The term (2) is included to penalize the changes on the
base-case voltage magnitudes at generator buses since the
voltage profile of the base case is considered to be the most
suitable one.

3) Finally, the cost of adjustments on the demand power de-
crease is

(3)

To avoid load curtailment unless strictly necessary for main-
taining system security, the penalties of voltage magnitude ad-
justments and are higher than the costs of genera-
tion power adjustments and but lower than the costs
of load decrease . For each considered stressed operating
condition, we also include in the objective function a penalty
function of the generation power adjustments

(4)
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and a penalty function of voltage magnitude adjustments

(5)

Terms (4) and (5) are introduced to force all stressed systems
to work at an economic operating condition and to maintain ap-
propriate voltage profiles, respectively. However, the cost func-
tion of power demand decrease is not considered for the stressed
conditions since load powers of the stressed systems are param-
etrized by the ones of the adjusted one; see (18) and (19) in the
next subsection. In summary, the complete objective function is
as follows:

(6)

where and are, respectively, the probability of operating in
the adjusted operating condition and the probability of occur-
rence of the contingency considered in the stressed operating
condition . These probabilities satisfy the condition [13]

(7)

where .
2) Power Flow Equations for the Adjusted Operating Condi-

tion: The adjusted operating condition of the system is estab-
lished by the active and reactive power balance at all buses

(8)

(9)

where and with

(10)

(11)

and

(12)

(13)

(14)

The terms on the right-hand side of (8) and (9) are the well-
known power flow equations and depend on the bus voltage
magnitudes and angles.

The voltage magnitudes at generator buses are defined as

(15)

with

(16)

(17)

Equation (9) implies that constant power factor loads are con-
sidered. Superscript “A”, in (10), (11), and (15), indicates base-
case solution.

3) Power Flow Equations for the Stressed Operating Condi-
tions: The power flow equations for the stressed operating con-
ditions are

(18)

(19)

with

(20)

(21)

(22)

and provided by (11).
The functions of the right-hand side of (18) and (19) have the

same expressions as the power flow (8) and (9), respectively, ex-
cept for substituting the corresponding variables by those per-
taining to the stressed operating conditions. The voltage magni-
tudes at the generator buses are defined as

(23)

with

(24)



This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

ZÁRATE-MIÑANO et al.: AN OPF METHODOLOGY TO ENSURE SMALL-SIGNAL STABILITY 5

(25)

Equations (18) and (19) represent the system at the loading level
determined by the security margin . Moreover, (18) and (19)
include a single line outage to enforce the contingency
criterion.

4) Technical Limits: The power production is limited by the
capacity of the generators. Hence, under adjusted and stressed
operating conditions

(26)

(27)

(28)

(29)

A more precise capability curve can be used instead of con-
straints (26)–(29). However, since detailed dynamic models of
generators and automatic voltage regulators are used for de-
termining the small-signal stability constraints, it is not neces-
sary to include a precise capability curve in the OPF problem.
Voltages magnitudes throughout the system under the adjusted
and the stressed operating conditions should be within operating
limits

(30)

(31)

The current flow through all branches of the network should be
below thermal limits

(32)

(33)

The changes in the production of generators between adjusted
and stressed conditions are limited by ramping constraints

(34)

(35)

where is a time interval within which generators must be able
to adjust their power productions in order to reach the stressed
operating conditions. Equation (34) and (35) along with (18) and
(19) couple the variables of the stressed operating conditions
with those pertaining to the adjusted operating condition. Con-
straints (34) and (35) enforce the fact that up and down changes
of generator powers can be obtained only within given rates,
which in turn depends on the type and the characteristics of the

power plants. A further discussion on (34) and (35) and similar
ramping constraints can be found in [15].

5) Small-Signal Stability Constraints: So far, we have not
introduced any differential equation. Actually, we do not in-
clude directly differential algebraic equations (DAE) in the pro-
posed SSSC-OPF problem but rather solve an eigenvalue anal-
ysis of the state matrix of the system DAE and then define
a linear constraint based on eigenvalue sensitivities with re-
spect to generated powers. Only this constraint is included in
the SSSC-OPF problem, not the DAE system, which makes the
problem tractable. The dynamics that are considered for set-
ting up the system state matrix are synchronous machine tran-
sient models (i.e., IV-order models) and AVR controls. These
models are described in several books and are not reported here
for brevity. The interested reader can find in [16] a complete
description of the models and the small-signal stability analysis
used in this paper.

The eigenvalues of the system state matrix that are associated
with a particular operating condition are implicit nonlinear
functions of the system variables and parameters. As it is
well-known, small-signal instability occurs if the real part of an
eigenvalue (say ) of the system state matrix “moves” from
the left-hand side to the right-hand side of
the complex plane, following a parameter variation. Therefore,
the small-signal stability boundary is for all “critical”
eigenvalues whose real part is approaching the imaginary axis.
It is relevant to note that computing all eigenvalues of a large
system may involve a high computational effort. However, we
are interested only in a subset of eigenvalues, i.e., those with
minimum absolute real part. Thus, efficient numerical methods
(e.g., Rayleigh’s iteration) can be used.

The goal of the proposed SSSC-OPF problem is to stabilize
the set of stressed operating conditions that shows positive (un-
stable) eigenvalues. At this aim, we introduce small-signal sta-
bility constraints based on the first-order Taylor series expan-
sion of the critical eigenvalue real part, taking into account the
dependence of the eigenvalue real part only on active power
generations. In general, eigenvalues are highly nonlinear with
respect to system parameters. However, eigenvalues associated
with Hopf bifurcations have been shown to vary smoothly with
respect to power changes [17].

For the set of unstable stressed operating conditions , the
small-signal stability constraints are as follows:

(36)

where:
• is the limit for the critical eigenvalue real part. This

limit can be defined either in terms of the HB point, i.e.,
, or in terms of a minimal damping ratio

as follows:

(37)

where is the critical eigenvalue imaginary part.
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• is the sensitivity of with respect to changes in the
generator power output , i.e.,

(38)

• is a finite variation in the form

(39)

where is the active power output of generator at the
unstable stressed operating condition .

• is a scaling factor that avoids large variations and,
thus, possible infeasibility of the proposed OPF problem.

In this paper, sensitivities (38) are computed using numeric
differentiation, i.e., by means of finite small variations of gen-
erated powers around the equilibrium point. The procedure is
similar to those used in [18] and [19] for computing transmis-
sion line sensitivities, and works as follows.

1) As a result of the modal analysis carried out in step 4 of the
proposed redispatching procedure, the real part of the
critical eigenvalue corresponding to a stressed operating
condition is obtained.

2) The generator power output is varied of a small quan-
tity, say , and the modal analysis is performed again. A
new value of the critical eigenvalue is obtained whose real
part is .

3) The sensitivity is computed as

(40)

This procedure is repeated for all generator power outputs of the
stressed operating condition considered. The rationale behind
the scaling factor in (36) is as follows. Due to nonlinearity,
the approximation of the first-order Taylor series expansion can
be inaccurate if the power variations are too large. The size
of these variations depends on the relative values of and .
Numerical simulations carried out throughout the work reported
in this paper show that sensitivities (38) have in general small
values (typically an absolute value less than 1), whereas the real
part of an eigenvalue can have, in principle, any value. If the
difference between the and is relatively large (say, a factor
of 10), satisfying (36) can lead to unnecessary large variations
of . Generally, the larger the values of , the further
the solution moves from the initial stressed operating condition.
Thus, a weighting factor that allows controlling the size of

is introduced. Since all sensitivities are multiplied by the
same constant , the global direction of (36) is not modified
as all power variations are equally scaled. The following
formula provides a suitable value for :

(41)

where

(42)

and the parameter is the desired bound for all
, i.e., .

The purpose of constraint (36) is to drive unstable eigenvalues
from the right-hand side to the left-hand side of the imaginary
axis of the complex plane. Thus, the smaller is the value of ,
the smaller is typically the variation of .

The statement above can be qualitatively deduced from the
following observations.

1) The coefficient amplifies the effect of , i.e., in-
creasing allows satisfying (36) with smaller increments
of .

2) Small increments of lead to a small variation of the
current operating point and thus to small changes of the
eigenvalues.

Constraints (43) and (44) below are used along with (36) for
ensuring that the variations of generator powers are always con-
sistent with the sign of the sensitivities:

(43)

(44)

6) Other Constraints: The proposed SSSC-OPF problem in-
cludes the following additional constraints:

(45)

(46)

(47)

(48)

Equations (45) and (46) are included to reduce the feasibility
region, thus speeding up eventually the convergence of the OPF
problem.

7) SSSC-OPF Problem Formulation: The formulation of the
SSSC-OPF problem is summarized as follows:

subject to
1) power flow equations for the adjusted operating condition

(8), (9);
2) power flow equations for all the stressed operating condi-

tions (18), (19);
3) technical limits (26)–(35);
4) small-signal stability constraints (36) and (43), (44);
5) other constraints (45)–(48).

The optimization variables of the proposed SSSC-OPF problem
are: , , , , , , , , , ,

, , , , , ,
, , and .
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B. Security Redispatching Procedure

The proposed OPF problem includes an “adjusted” operating
condition as well as a number of “stressed” ones. Each stressed
operating condition has to be stable at the desired loading level

. This means that each stressed operating condition has to
be both a feasible power flow solution (i.e., voltage stable) and
a feasible equilibrium point (i.e., small-signal stable). In other
words, we first ensure that the current operating condition is suf-
ficiently far away from voltage instability and then ensure that
it is sufficiently far away from small signal instability. Note that
without ensuring voltage stability, it is not possible to run an
eigenvalue analysis at the equilibrium point, since such equi-
librium point would not exist. Hence, the voltage stability is a
prerequisite for the small signal stability but is not “coupled”
with it.

The proposed security redispatching procedure based on the
proposed SSSC-OPF works as follows.

1) Base-Case Solution. The base-case solution corresponds
to the solution of a dispatching procedure (e.g., a market
clearing procedure) adjusted by losses in such a way that
the voltage profile is optimized.

2) Selection of Stressed Operating Conditions.
For each considered contingency, the loading margin of
the system is computed by means of the maximum loading
condition (MLC)-OPF problem described in Appendix A.
At the maximum loading condition, an eigenvalue analysis
is carried out (see Appendix B). For a given security margin

, the contingency is selected if:
a) . This means that the system exhibits poten-

tial voltage instability at the considered loading con-
dition.

b) The real part of an eigenvalue at the maximum
loading condition is positive. This situation implies
that a Hopf bifurcation has occurred. Thus, the
system can be subjected to small-signal instability at
the required loading condition.

A set of stressed operating condition constraints is included
in the SSSC-OPF problem for each selected contingency
fixing the value of in (18) and (19).

3) Solution of the SSSC-OPF Problem. The OPF problem de-
scribed in Section II-A7 is solved, and the adjusted and the
stressed operating conditions are computed. The first time
that this problem is solved, constraints (36) and (43), (44)
are not included.

4) Eigenvalue Analysis. An eigenvalue analysis is carried out
in order to determine the stability of each stressed op-
erating condition computed in step 3. This analysis re-
quires two preparatory steps: 1) computing the equilib-
rium point through the initialization of the dynamic de-
vices (e.g., synchronous machines and AVRs); and 2) set-
ting up the system state matrix for that equilibrium point.
Regarding the stability of the stressed operating conditions,
two scenarios are possible:

a) The real part of all eigenvalues associated with
all stressed operating conditions are negative. All
stressed operating conditions are thus stable and the
procedure stops.

Fig. 1. Flow chart of the proposed procedure.

b) One or more stressed operating conditions show an
eigenvalue with positive real part. For each one of
these contingencies (set ) sensitivities (38) are
computed and the constraints (36) and (43), (44) are
added to the SSSC-OPF problem. The procedure
continues at step 3.

The flowchart depicted in Fig. 1 summarizes the proposed
method.

C. Remarks on the Stressed Operating Conditions

How to interpret stressed operating conditions is a delicate
issue in any stability-constrained OPF problem that includes a
loading parameter (e.g., [20], [21]), which is the case of the
proposed SSSC-OPF problem.

It should be noted that the system is not expected to operate
at the loading level defined by . In other words, the load
increase represented by is not a predicted load increase.
Instead, parameter is used for enforcing a margin, in load
terms, to instability. The value of is fixed by the ISO. Since
each stressed operating condition is defined by a contingency
and by the value, if the system at all the stressed operating
conditions is stable, then it is assumed to be stable at the adjusted
operating condition as well, and it has at least a margin to
instability even if a contingency occurs.

The small-signal stability constraints are imposed on the
stressed operating conditions. These constraints force to change
the generator powers in order to ensure small-signal stability
at the conditions imposed. In some cases, the changes in the
stressed operating conditions imply changes at the adjusted
operating condition. This is due to constraints (18), (19) and/or
(34), (35), which link the stressed operating conditions to the
adjusted one. The changes at the adjusted operating condition
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correspond to redispatching actions, or preventive control
actions, on the base-case operating condition needed to ensure
the desired security margin .

In other cases, the changes in the stressed operating condi-
tions do not involve any change in the adjusted operating condi-
tion. That means that no preventive control actions are needed
to achieve the required security margin and the adjusted oper-
ating condition remains equal to the base-case one.

A particular case is . In this case, besides the pre-
ventive control actions corresponding to the adjusted operating
condition, the solution of the proposed procedure provides the
emergency control actions needed to maintain stability if any of
the considered contingencies occurs. These emergency control
actions correspond to the value of the control variables at the
different stressed operating conditions.

III. CASE STUDIES

In this section, we consider two benchmark systems, namely
the New England 39-bus, ten-machine system and the IEEE
145-bus, 50-machine system. Due to its reduced size, the
39-bus system is particularly well suited for describing the
proposed technique. On the other hand, the 145-bus system
is used for testing the proposed technique on a comparatively
larger system.

A. New England 39-Bus, Ten-Machine System

For this system, generators are modeled using a IV-order
model incorporating a primary voltage control, except for gen-
erator 10 that represents an equivalent of the New York network
(i.e., a large inertia). In order to force small-signal instability,
PSS devices are not considered. The full dynamic data of the
system can be found in [22] while the base case and the eco-
nomic and technical data are provided in Appendix C. In this
case study, two security margins are considered:
and .

Neglecting generator islanding, there are 35 possible line out-
ages. Solving the MLC-OPF problem defined in Appendix A
and carrying out the eigenvalue analysis, we observe that seven
contingencies are characterized by a small-signal unstable max-
imum loading condition. For the considered security margins,
no line outage is selected due to voltage stability issues. Table I
provides the loading margin and the corresponding critical
eigenvalues for the seven contingencies selected. In summary,
the SSSC-OPF problem used in this case study embodies vari-
ables and constraints for the adjusted operating condition and
for seven stressed operating conditions.

After solving the first SSSC-OPF problem, two stressed op-
erating conditions show a pair of complex eigenvalues with pos-
itive real part for the security margin . All stressed
operating conditions are stabilized after ten iterations of the pro-
posed procedure using and in the
small-signal stability constraints. Table II provides the critical
eigenvalues of the considered stressed operating conditions for

TABLE I
NEW ENGLAND 39-BUS, TEN-MACHINE SYSTEM. LOADING MARGIN AND

CRITICAL EIGENVALUES FOR THE SELECTED CONTINGENCIES

TABLE II
NEW ENGLAND 39-BUS, TEN-MACHINE SYSTEM. CRITICAL EIGENVALUES

OF THE STRESSED OPERATING CONDITIONS BEFORE AND AFTER

APPLYING THE PROPOSED PROCEDURE FOR � � ����

the initial unstable solution and for the final stable solution ob-
tained after applying the proposed procedure.

The stressed conditions corresponding to the outage of lines
1–2, 1–39, 2–25, 8–9, and 9–39 become stable after the first
iteration.

It is relevant to note that the critical contingencies identified
by means of the MLC-OPF problem given in Appendix A are
not necessarily unstable at the desired security margin if

. On the other hand, if for a certain contingency
, that contingency has to be included in the SSSC-OPF

problem due to voltage stability and/or security issues. Observe
that the proposed procedure is able to take implicitly into ac-
count these voltage stability constraints.

For , six stressed operating conditions show a
pair of complex eigenvalues with positive real part. The stressed
condition corresponding to the outage of line 8–9 is stable at
the first iteration. All stressed operating conditions are stabi-
lized after 14 iterations of the proposed procedure (
and ). Table III shows the critical eigenvalues of the
considered stressed operating conditions for the initial unstable
solution and for the final stable solution after applying the pro-
posed procedure.

Fig. 2 depicts the resulting generation power adjustments
and needed for ensuring the considered se-

curity margins. In both cases, no load curtailment is required.
These results show that generation redispatching can be enough
to restore small-signal stability. However, for security mar-
gins higher than 0.10, load curtailment is needed to stabilize
stressed conditions. For example, if the required security margin
is , all stressed operating conditions are stabilized
in one iteration with a total load curtailment of 4.82 p.u.
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TABLE III
NEW ENGLAND 39-BUS, TEN-MACHINE SYSTEM. CRITICAL EIGENVALUES

OF THE STRESSED OPERATING CONDITIONS BEFORE AND AFTER

APPLYING THE PROPOSED PROCEDURE FOR � � ����

Fig. 2. New England 39-bus, ten-machine system. Redispatching actions
needed for ensuring a loading margin � � ����.

TABLE IV
IEEE 145-BUS, 50-MACHINE SYSTEM. LOADING MARGIN AND CRITICAL

EIGENVALUES FOR THE SELECTED CONTINGENCIES

B. IEEE 145-Bus, 50-Machine System

We consider a slightly modified version of the IEEE 145-bus,
50-machine benchmark system [23] provided by the software
package Power System Toolbox (PST) [24]. This system con-
sists of 145 buses, 453 line/transformers, and 50 machines. Ma-
chines connected to buses 93, 102, 104, 105, 106, 110, and
111 are modeled through a VI-order model. These machines are
equipped with IEEE ST1a exciters including PSS devices. The
classical model is used for the remaining machines. We have re-
moved the PSS device from the machine connected to bus 102
in order to force small-signal instability. The base-case oper-
ating condition and dynamic data of this system can be found
in [24], whereas economic and technical data are provided in
Appendix C.

For this system, 434 possible line/transformer outages are
analyzed. In the contingency filtering procedure, the MLC-OPF
problem described in Appendix A is solved and an eigen-
value analysis at the maximum loading condition is carried
out for each contingency. The desired security margin is set
to . According to the contingency analysis, five
contingencies have be considered in the stressed operating
conditions. Table IV provides the system loading margin and
the critical eigenvalues for these five contingencies. Since the
system loading margin for line 119–130 and 119–131 out-
ages is smaller than the required security margin ,
these contingencies can potentially lead to voltage stability
issues. On the other hand, line 67–124, 102–117, and 121–125
outages show positive eigenvalues at the maximum loading
condition. Thus, these contingencies are selected due to the
risk of small-signal instability at the loading condition corre-
sponding to .

The SSSC-OPF problem for this case study includes vari-
ables and constraints for the adjusted operating condition and
for five stressed operating conditions. Table V provides the crit-
ical eigenvalues of the considered stressed operating conditions
for both the initial and the final iteration of the proposed proce-
dure.

The solution of the SSSC-OPF problem without including
small-signal stability constraints (first iteration of the pro-
posed procedure) shows generation redispatching and load
curtailment. This result is mainly due to the stabilization of the
stressed operating conditions corresponding to line 119–130
and 119–131 outages. Note that, for these contingencies,

. The load curtailment affects all stressed operating
conditions in such a way that the stressed conditions corre-
sponding to line 102–117 and 121–125 outages do not present
unstable eigenvalues. However, the stressed operating condi-
tion corresponding to line 67–124 outage shows small-signal
instability. This stressed operating condition is stabilized in
the ninth iteration using and in
the small-signal stability constraints. The final solution shows
a total load curtailment of 2.4078 p.u. Note that standard
PSS models are included in VI-order machines, i.e., the full
differential-algebraic equations of such controllers have been
included in the system model in order to properly compute the
state matrix eigenvalues. Thus, PSS actions are implicitly and
fully taken into account in the proposed procedure in the same
way as generator and AVR models are.

Fig. 3 depicts two time-domain simulations of the 145-bus
system at the stressed operating condition corresponding to line
64–124 outage when subjected to a small disturbance. In par-
ticular, Fig. 3 shows the unstable rotor speed trajectories for the
solution of the first iteration and the stable transient for the final
solution of the proposed method. Time-domain simulations con-
firm eigenvalue analysis.

C. Simulation Times

All simulations presented in this paper have been carried
out using Matlab 7.6 [25] and GAMS 22.7 [26], in a Sun
Fire X4600 M2, with eight quad-core processors clocking at
2.9 GHz and 256 GB of RAM memory. For solving power
flows, eigenvalue analysis, and time-domain simulations, PSAT
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TABLE V
IEEE 145-BUS, 50-MACHINE SYSTEM. CRITICAL EIGENVALUES

OF THE STRESSED OPERATING CONDITIONS BEFORE AND AFTER

APPLYING THE PROPOSED PROCEDURE

Fig. 3. IEEE 145-bus 50-machine system. Time-domain simulation of the
stressed operating condition corresponding to line 64–124 outage. Plot (a)
corresponds to the first solution and plot (b) to the final solution.

[27] has been used. All OPF problems has been solved using
CONOPT [28] under GAMS.

Each iteration of the proposed procedure involves eigenvalue
analysis, computing sensitivities, and solving the SSSC-OPF
problem. Eigenvalue analysis is performed for each stressed
operating condition obtained after solving the SSSC-OPF
problem. Sensitivities of the critical eigenvalue real part with
respect to each generator power output are computed by means
of numerical differentiation, as described in Section II-A5.
Computing sensitivities implies an additional eigenvalue anal-
ysis and to evaluate expression (40) for each generator and for
each small-signal unstable stressed operating condition. Once
sensitivities are computed, the corresponding sets of constraints
(36) and (43), (44) are included in the SSSC-OPF problem
to be solved. Table VI provides the average step and the total
CPU times for the simulations based on the 39-bus and on the
145-bus system. Simulation times for the 39-bus system refers
to the simulation for .

The proposed procedure comprises some steps that are time
consuming, potentially making their implementation imprac-
tical for large-scale power systems. This is the case of the eigen-
value analysis and the sensitivity computation. The computa-
tional burden of the eigenvalue analysis can be reduced com-
puting only the critical eigenvalues (e.g., using Rayleigh’s iter-
ation method). For simplicity, sensitivities have been computed
using numerical differentiation. Depending on the system size,

TABLE VI
COMPUTATIONAL REQUIREMENTS OF THE PROCEDURE ITERATIONS

numerical differentiation may entail a non-negligible computa-
tional burden. However, as the sensitivity computations are in-
dependent of each other, the required CPU time can be reduced
using parallel computation techniques. Alternatively, closed for-
mulas for computing sensitivities reduce significantly the com-
putational burden. These formulas can be found, for instance, in
[29]–[32]. Since this paper focuses on the design of an effective
procedure, these computational issues have not been specifically
addressed.

IV. CONCLUSIONS

This paper presents a security redispatching procedure able to
resolve stability issues pertaining to both voltage stability and
small-signal stability. It is intended to help system operators
guarantee an appropriate level of security for the operation of
the system. The proposed procedure provides the optimal redis-
patching actions on the base-case solution that allow ensuring
the required security margin.

The proposed procedure is able to incorporate the se-
curity criterion. In order to reduce the size of the resulting OPF
problem, a prior contingency filtering is used for reducing the
size of the SSSC-OPF problem, thus incorporating only contin-
gencies that threaten system stability.

Another advantage of the proposed technique is the fact that
the redispatching procedure is separated from the small-signal
stability analysis, which allows maintaining the OPF problem
tractable and structurally similar to existing redispatching prob-
lems. Simulation results show the effectiveness of the proposed
procedure. Future work will focus on the development of a spe-
cific solution algorithm for the proposed SSSC-OPF problem to
speed up computations.

APPENDIX A
DETERMINATION OF THE MAXIMUM LOADING CONDITION

In this Appendix, we define the problem for computing the
maximum loading condition point that is used in the step 2 of
the proposed procedure, as follows:

(49)

(50)

(51)
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(52)

(53)

and constraints (26), (28), (30), (32), (45), and (47).
The superscript “A” denotes base case. Constraints (50), (51)

represent the power flow equations with inclusion of one line
outage, whereas (52), (53) represent the generators ramp up and
ramp down limits, respectively, for the considered time period

.
Since in the optimization problem above we use only static

equations (i.e., power flow equations), the resulting does not
take into account Hopf bifurcations. Thus, an eigenvalue anal-
ysis of the system at the loading level defined by is carried
out separately, including generator dynamic models.

APPENDIX B
SECURITY ASSESSMENT: CONTINGENCY FILTERING

This section describes the procedure used for identifying the
harmful contingencies related to small-signal instability as well
as to voltage instability. The initial set of contingencies includes
all contingencies of the security criterion, that is, a single
outage of any system element. For a given security margin ,
the contingency screening procedure works as follows:

1) For each one of the initial set of contingencies, the max-
imum loading condition and the loading margin of
the system are computed using the problem described in
Appendix A.

2) At the maximum loading condition, a modal analysis is
carried out and the eigenvalue with the largest real part
is computed.

3) If , the contingency is selected. At the loading
condition defined by , the system exhibits potential
voltage instability.

4) If , the contingency is selected. This situation implies
that a Hopf bifurcation has occurred. Thus, at the loading
condition defined by , the system may suffer small-
signal instability.

5) If and , the contingency is filtered out.
Note that the computation of for one contingency and the

modal analysis at the corresponding maximum loading condi-
tion are independent of other contingencies. This fact can be
exploited for reducing CPU time using parallel computation.

APPENDIX C
SYSTEM DATA

This Appendix provides economic data and technical limits
used in the case studies presented in Section III. For both the
39-bus and the 145-bus systems, the considered time period is
set to and the probability of the occurrence of
each selected contingency is . The units of penalty
factors are introduced only for compatibility with costs.

A. New England 39-Bus, Ten-Machine System

Table VII provides the generated active powers and voltage
magnitudes at the generator buses for the base case, the offering
costs of generators for redispatching purposes, and generator
limits. With respect to the offering costs, for all

TABLE VII
GENERATOR DATA FOR THE NEW ENGLAND 39-BUS, TEN-MACHINE SYSTEM

generators. With respect to generator limits, ,
and for all generators. With regard to

bus voltage magnitude limits, and
for all generator buses, and and

for the remaining buses.
The load has been increased by 15% with respect to the base

case shown in [22]. For all loads, cost of decreasing load, ,
is $1000/p.u.h, and for all generator buses, costs of increasing
and decreasing voltage magnitude, and , is $100\p.u.h

B. IEEE 145-Bus, 50-Machine System

Technical limits, offering costs and penalty factors used for
the 145-bus system, are as follows. Bus voltage magnitude
limits are and for all
generator buses, and and
for the remaining buses. is used for all gener-
ators, whereas is set to the value that results from
increasing the base-case active power output of each gen-
erator by 10%. Ramping limits are

. Generator reactive power
limits are provided in [23]. With regard to the offering costs
and penalty factors, we use
for all generators, for all loads, and

for all generator buses.
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