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Multiobjective Optimization for Pricing System
Security in Electricity Markets
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Abstract—This paper proposes a novel technique for rep-
resenting system security in the operations of decentralized
electricity markets, with special emphasis on voltage stability.
An interior point method is used to solve the optimal power flow
problem with a multiobjective function for maximizing both
social benefit and the distance to maximum loading conditions. A
six-bus system with both supply and demand-side bidding is used
to illustrate the proposed technique for both elastic and inelastic
demand, and a 129-bus test system that models the Italian HV
transmission network is used for testing the practical applicability
of the proposed method. The results obtained show that the pro-
posed technique is able to improve system security while yielding
better market conditions through increased transaction levels and
improved locational marginal prices throughout the system.

Index Terms—Electricity markets, locational marginal prices,
maximum loadability, multi-objective optimization, security.

I. INTRODUCTION

I N recent years, the electricity industry has undergone drastic
changes due to a world wide deregulation/privatization

process that has significantly affected energy markets. With
past and current difficulties in building new transmission lines
and the significant increase in power transactions associated
with competitive electricity markets, maintaining system
security is more than ever one of the main concerns for market
and system operators. Hence, there is a need for pricing this
security in a simple, unambiguous and transparent way, so
that the “right” market signals can be conveyed to all market
participants. However, pricing security is not an easy task,
since it involves a variety of assumptions as well as complex
models and simulations. In the three main market models that
have been proposed (i.e., centralized markets, standard auction
markets and spot pricing or hybrid markets, how to properly
include system security is still an open question). This paper
mainly focuses on hybrid markets and on the inclusion of
proper security constraints through the use of a multiobjective
optimal power flow (OPF)-based approach, which is solved by
means of a logarithmic barrier interior-point method (IPM).

In [1], several strategies were proposed for an OPF with ac-
tive power dispatching and voltage security (represented only by
voltage limits) using an IPM that proved to be robust, especially
in large networks, as the number of iterations increase slightly
with the number of constraints and network size. The early im-

Manuscript received November 12, 2002.
F. Milano and M. Invernizzi are with the Department of Electrical Engi-

neering, University of Genoa, 16145, Italy (e-mail: fmilano@epsl.die.unige.it).
C. A. Cañizares is with the Department of Electrical and Computer

Engineering, University of Waterloo, ON N2L-3G1, Canada (e-mail:
c.canizares@ece.uwaterloo.ca).

Digital Object Identifier 10.1109/TPWRS.2003.810897

plementations of IPM for solving market problems, accounting
somewhat for system security, were limited to the use of linear
programming [2]. In [3] and [4], the authors present a com-
prehensive investigation of the use of IPM for nonlinear prob-
lems, and describe the application of Merhotra’s predictor-cor-
rector to the OPF, which highly reduces the number of iterations
to obtain the final solution. Nonlinear optimization techniques
have also been shown to be adequate for addressing a variety of
voltage stability issues, such as the maximization of the loading
parameter in voltage collapse studies, as discussed in [5]–[7]
and [8]. In [9] and [10], nonlinear IPM techniques are applied
to the solution of diverse OPF market problems. Finally, in [11],
the authors proposed a technique to account for system secu-
rity through the use of voltage stability based constraints in an
OPF-IPM market representation, so that security is not simply
modeled through the use of voltage and power transfer limits,
typically determined offline, but it is properly represented in
online market computations. In the current paper, a multiob-
jective approach similar to the one proposed in [8] is used in
an OPF-IPM market model, so that the social benefit and the
distance to a maximum loading condition are maximized at the
same time. In this case, voltage stability concepts and techniques
are used to improve the representation of system security.

The paper is organized as follows: Section II presents the
basic concepts on which the proposed methodology is based,
discussing briefly how transmission system congestion is rep-
resented in the proposed models; the use of locational marginal
prices (LMPs) to determine the cost of system security is also
discussed in this section. In Section III, the use of the proposed
technique is illustrated in a six-bus test system with elastic and
inelastic demand, and in a realistic 129-bus test system based on
a model of the Italian HV transmission network assuming elastic
demand bidding. For both test systems, results are compared
with respect to solutions obtained with a standard OPF-based
market technique. Finally, Section IV discusses the main con-
tributions of this paper as well as possible future research direc-
tions.

II. M ULTIOBJECTIVE OPF WITH VOLTAGE STABILITY

CONSTRAINTS

The OPF-based approach is basically a nonlinear constrained
optimization problem, and consists of a scalar objective func-
tion and a set of equality and inequality constraints. A typ-
ical OPF-based market model can be represented using the fol-
lowing security constrained optimization problem (e.g., [12]):

Min. Social benefit

s.t. PF equations
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Sup. bid blocks

Dem. bid blocks

Power transfer lim.

Thermal limits

Gen. lim.

"security" lim. (1)

where and are vectors of supply and demand bids in
dollars per megawatt hour, respectively; stand for the gen-
erator reactive powers; and represent the bus phasor volt-
ages; and represent the power flowing through the lines
in both directions, and are used to model system security by
limiting the transmission line power flows, together with line
current and thermal limits and bus voltage limits; and

and represent bounded supply and demand power bids
in megawatts. In this model, which is typically referred to as
a security constrained OPF, and limits are obtained by
means of off-line angle and/or voltage stability studies. In prac-
tice, these limits are usually determined based only on power
flow based voltage stability studies [13]. Hence, these limits do
not actually represent the actual stability conditions of the re-
sulting solution, which may lead in some cases to insecure so-
lutions and/or inadequate price signals, as demonstrated in this
paper.

A. Proposed OPF Market Model

In this paper, the following optimization problem is proposed
to represent an OPF market model, based on what has been pro-
posed in [7], [8], [11], so that system security is better modeled
through the use of voltage stability conditions:

Min.

s.t. PF equations

Max load PF eqs.

loading margin

Sup. bid blocks

Dem. bid blocks

Thermal limits

Gen. limits

"security" lim.

(2)

In this case, a second set of power flow equations and con-
straints with a subscriptis introduced to represent the system at
the limit or “critical” conditions associated with the maximum
loading margin in per unit, where is the parameter that
drives the system to its maximum loading condition. The max-
imum or critical loading point could be either associated with a

thermal or bus voltage limit or a voltage stability limit (collapse
point) corresponding to a system singularity (saddle-node bifur-
cation) or system controller limits like generator reactive power
limits (limit induced bifurcation) [14], [15]. Thus, for the cur-
rent and maximum loading conditions, the generator and load
powers are defined as follows:

(3)

where and stand for generator and load powers which
are not part of the market bidding (e.g., must-run generators, in-
elastic loads), and represents a scalar variable used to dis-
tribute the system losses associatedonlywith the solution of the
critical power flow equations in proportion to the power injec-
tions obtained in the solution process (i.e., a standard distributed
slack bus model is used). It is assumed that the losses corre-
sponding to the maximum loading level defined byin (2) are
distributed among all generators; other possible mechanisms to
handle increased losses could be implemented, but they are be-
yond the main interest of the present paper.

In the proposed OPF-based approach,represents the max-
imum loadability of the network and, hence, this value can be
viewed as a measure of the congestion of the network, which is
represented here using the following maximum loading condi-
tion (MLC) definition:

(4)

In the computation of , contingencies are not considered.
(Their inclusion is beyond the scope of this paper. However, in
the literature, a few approaches have been proposed to include
contingencies in voltage stability constrained OPF that could
be considered in the OPF formulation proposed in this paper;
for example, the heuristic method discussed in [16].)

In the multiobjective function , two terms are present, with
their influence on the final solution being determined by the
value of the weighting factors and .
The first term represents the social benefit, whereas the second
term guarantees that the “distance” between the market solution
and the critical point is maximized [7]. Observe that ,
since for there would be no representation of the market
in the proposed OPF formulation, rendering it useless. Further-
more, , otherwise will not necessarily correspond to a
maximum loading condition of the system. Notice that the two
terms of the objective function are expressed in different units,
since the social benefit would be typically in U.S. dollars per
hour, whereas the “security” term would be in per unit, which
will basically affect the chosen values of and (typically,

). However, it is possible to assume that
and , with proper scaled values of for each system
under study , as this simplifies the optimization
problem without losing generality.

Equations (2) and (3) are for elastic demand. In the case of a
pure inelastic demand, is known, and this can be represented
in these equations by setting and ;
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hence, the problem basically becomes the same as the one ana-
lyzed in [11]. In this case, one must be aware that the associated
OPF problem may have no solution, as the system may not be
able to supply the required demand.

Boundaries for the loading margin have been included in
(2) based on practical considerations. Thus, the minimum limit

is introduced in order to ensure a minimum level of se-
curity in any operating condition and for any value of, where
the maximum value imposes a maximum required secu-
rity level. These conditions ensure that the loading parameter
remains within certain limits to avoid solutions of (2) character-
ized by either low security levels or low supply
and demand levels , which would be unacceptable.

B. Locational Marginal Prices

It is widely recognized that spot pricing through marginal
costs can provide reliable pricing indicators [12]. OPF-based
market models have the advantage of producing not only the op-
timal operating point solutions, but also a variety of sensitivity
variables through the Lagrangian multipliers, which can be as-
sociated with LMPs at each node.

The Lagrangian multipliers associated with (2) correspond to
the standard definition of LMPs only when , (i.e., for a
pure market model). Lagrangian multipliers for would
lead to unrealistic results, since they decrease almost linearly
with respect to increases in. Hence, LMPs which are not de-
pendent of are needed.

Consider the following vector objective function:

(5)

From a fundamental theorem of multiobjective optimization
[17], an optimal solution of (2) is also a Pareto optimal point for
the minimization problem constituted by the objective function
(5) plus the constraints defined in (2). Thus, an optimal solution
point of (2) has the property of independently minimizing both
terms of the objective function (5). Based on this premise, for a
given value of the weighting factor, say , an IPM is first used
to minimize the following Lagrangian function of (2):

(6)

where , , is the barrier parameter, andand
, and all the other correspond to the

Lagrangian multipliers. The variables form the slack vector
whose nonnegativity condition is ensured by in-
cluding the logarithmic barrier terms . The solution of
(6) provides the value of associated with , along with all
other system variables and market bids.

For the following OPF:

(7)

with the same constraints as in (2), and loading parameter fixed
at , the solution of (2) is also a solution of (7), [i.e., the
vector of voltage phases and magnitudes (, , and )], gen-
erator reactive powers ( and ), power bids ( and ),
the loss distribution factor and the loading parameter
are identical for both (2) and (7). Observe that the value of
cannot be obtained by the mere solution of (7), as its value is ba-
sically defined by the value of in the multiobjective problem
(2). As a result, the weighting factor, although it affects the so-
lution and the dual variables of (7), it does not explicitly appear
in the equations; thus, the Lagrangian multipliers of the power
flow equations in (7) can be associated with the system LMPs,
and can be derived from applying the corresponding KKT opti-
mality conditions as follows:

(8)

where is the Lagrangian of (7) and represents a constant
load power factor angle. Thus, the LMPs can be defined as

(9)

From this definition, the LMPs are directly related to the costs
and , and do not directly depend on the weighting factor

. These LMPs have additional terms associated withwhich
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Fig. 1. Six-bus test system.

represent the added value of the proposed OPF technique. If
a maximum value is imposed on the loading parameter,
when the weighting factor reaches a value, say , at which

, there is no need to solve other OPFs for ,
since the security level cannot increase any further.

Observe that the computation of these LMPs is quite inexpen-
sive, since the optimal point is already known from the solution
of (2), thus the determination of the Lagrangian multipliersis
basically reduced to solving a set of linear equations.

III. EXAMPLES

In Sections III-A and B, the OPF problem (2) and the pro-
posed technique for computing LMPs are applied to a six-bus
test system and to a 129-bus model of the Italian HV transmis-
sion system. The results of optimization technique (1) are also
discussed to observe the effect of the proposed method in the
LMPs and system security, which is represented here through
the MLC. The power flow limits needed in (1) were obtained
“offline” by means of a continuation power flow technique [14].
For both test systems, bid load and generator powers were used
as the direction needed to obtain a maximum loading point and
the associated power flows in the lines, ignoring contingencies,
so that proper comparisons can be made. All the results dis-
cussed here were obtained in MATLAB using a primal-dual IP
method based on a Mehrotra’s predictor-corrector technique [4].

For both test cases, the limits of the loading parameter were
assumed to be and , (i.e., for any
value of , it is assumed that the system can be securely loaded
to an MLC between 110% and 180% of the total transaction
level of the given solution). To allow for adequate comparisons,
the actual power flow limits used in (1) were reduced by 10%
with respect to the values obtained from the offline continuation
power flow analysis to emulate the limit.

A. Six-Bus Test Case

Fig. 1 depicts the six-bus test case, which is extracted from
[18], representing three generation companies (GENCOs) and
three energy supply companies (ESCOs) that provide supply

TABLE I
SIX-BUS TESTSYSTEM: OPF WITH OFFLINE POWER FLOW LIMITS

TABLE II
SIX-BUS TEST SYSTEM: VS-CONSTRAINED OPF

and demand bids, respectively. (The complete data set for this
system is provided in the Appendix, so that the results discussed
here may be readily reproduced.)

Results for the OPF formulation (1) are reported in Table I;
the MLC value in this table was computed offline using the gen-
erator voltages and load and generation power directions ob-
tained from the OPF solution. Table II, on the other hand, shows
the solution obtained for the proposed multiobjective OPF (2)
for , which is referred to here as VS-constrained OPF,
since the distance to the maximum loading point is not being
really “optimized,” with mostly the social benefit being consid-
ered in the objective function. For both solutions, generator volt-
ages are at their maximum limits, as expected, since this con-
dition generally provides higher transactions levels. However,
in comparison with the standard OPF approach based on “se-
curity” limits determined offline, the solution of the proposed
method provides better LMPs, a higher total transaction level

and higher MLC, which demonstrates that offline
power flow limits are not adequate constraints for representing
the actual system congestion. The improved LMPs result also
in a lower total price paid to the independent market operator

, (i.e., the network congestion prices are lower), even
though the system losses are higher (which is to be expected, as

is higher).
Fig. 2 shows the effect of the weighting factorin the total

transaction level and the maximum loading margin . Ob-
serve that, as expected, the more the weight of security, the
higher the security level , but, at the same time, the lower the
transaction level . This is due to the power bids being free to
vary so that, as increases, congestion is minimized (security
is maximized) by both increasing and reducing .

Fig. 3 depicts power bids and LMPs asvaries, illustrating
the transition from an OPF market problem to an OPF secu-
rity problem as approaches its maximum imposed value of

. Observe how the LPMs in this example decrease
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Fig. 2. Total transaction levelT and loading margin� for the six–bus test
system with elastic demand.

Fig. 3. Power bidsP andP and LMPs� for the six-bus test system with
elastic demand.

as the security levels increase, since the auction solutions move
away from the security limits (i.e., the system is less congested).
Furthermore, even though the LMPs and the overall total trans-
action level decrease, local bids may increase or decrease, ac-
cordingly to the power schedule which better matches the ob-
tained loading margin. For example, Fig. 4 depicts the LMP at
Bus 6 as a function of the power demand of ESCO 3 at that bus
with respect to the value of the weighting factor, illustrating
that the relationship between system security and bids is not ob-
vious and very much depends on the chosen security limits; in
other words, as increases (i.e., as system security becomes
more significant in the optimization problem, the price-power
pair does not show any obvious relationship with respect to the
system security level).

Fig. 4. LMP at bus 6 as a function of its power demand (ESCO 3) for the
six-bus test system with elastic demand.

Fig. 5. Power bidsP andP and LMPs� for the six-bus test system with
inelastic demand.

Fig. 6. Power bidsP andP and LMPs� for the six-bus test system with
inelastic demand.

When the loading parameter reaches its maximum limit,
which in Fig. 3 corresponds to , LMPs decrease below
the minimum power supply price bid of U.S.$ 7/MWh (see
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Fig. 7. 129-bus Italian 400-kV transmission system (most of this information is publicly available at the GRTN web site www.grtn.it).

Table V in the Appendix). The reason for this behavior is that
the OPF VS constraints force the system to the power levels
needed to maintain the required maximum loading margin,
regardless of the social benefit [notice that only the cheapest
supplier (i.e., GENCO 3), provides for the required losses
and power demands, as expected]. Solutions characterized by

would likely be unacceptable for the market partic-
ipants, since the total transaction level as well as LMPs are too
low. However, not imposing any maximum limit on would
lead to market solutions with zero power bids ,
which basically correspond to the base case operating condition
associated with the given fixed generation and load .
Observe that the proposed methodology is designed to give
operators and market participants a series of solutions to allow
them to analyze the effect of system security on power bids and

vice versa, so that proper operating and bidding decisions can
be made.

When the transaction level is fixed, as in the case of inelastic
demand, imposing a higher security level would result in price
increases [7]. This is illustrated in Figs. 5 and 6 for the six-bus
test system assuming inelastic loads; load demands are assumed
to have the same values as those depicted in Table II, so that
these figure can be compared to the corresponding Figs. 2 and 3.
Observe that as increases, the security level and associated
LMPs increase, as expected, leading to higher congestion prices.

B. 129-Bus Italian HV Transmission System

For the last three years, the Italian power system has been
subjected to a deregulation process, which has forced ENEL,
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TABLE III
ITALIAN SYSTEM EXAMPLE: OPF WITH OFFLINE POWER FLOW LIMITS

TABLE IV
ITALIAN SYSTEM EXAMPLE: VS-CONSTRAINED OPF

the main Italian electricity company, to be divided in three inde-
pendent companies (generation, transmission, and distribution)
and sell part of its generation plants to private firms. In 1999,
an Italian independent system operator Gestore Rete Trasmis-
sione Nazionale (GRTN) was created to coordinate a competi-
tive electricity market and ensure secure operation of the trans-
mission grid. The Italian electricity market is expected to come
on line in 2003 based on a zonal pricing model. The deregula-
tion process and the overall increase in the power consumption
forecasted for the near future make the Italian system particu-
larly interesting for market and security studies.

Fig. 7 depicts the complete 129-bus Italian 400-kV transmis-
sion grid. In the simulations presented here, it has been assumed
that 32 generators and 82 consumers participate in the market
auction. Usually, Italy imports about the 10% of its power de-
mand from France and Switzerland, hence power supply bids
were assumed at the interties. All bids were based on prices
around U.S.$ 30 to 40/MWh are the average prices over the last
few years in other European countries where electricity markets
are currently in operation, and considering the actual operating
costs of thermal plants (55% of the electrical energy produced
in Italy is thermal). Fixed generation and fixed loads
were assumed to be about 80% of the average consumption of
a typical working day, since only 20% of ENEL’s generation
has been sold so far. Power bid levels were chosen to be about
40% of the average consumption in order to force system con-
gestion. All system data and security constraints (i.e., voltage
limits, generation reactive power limits and transmission line

Fig. 8. Total transaction levelT and loading margin� for the Italian system
example.

thermal limits, were provided by CESI, the Italian electrical re-
search center).

Tables III and IV show the results of both OPF solutions (1)
and (2) with (VS-constrained OPF) for some market
participants that are representative of all the areas in which the
Italian system is geographically subdivided. As in the case of
the six-bus test system, the proposed method provides a higher
total transaction level , a better distribution of LMPs, and a
lower total payment to the system operator . Ob-
serve that the increased transaction level results also on higher
power imports from the interties in Tables III and IV (e.g., Vil-
larodin and Lavorges), as expected, since neighboring countries
typically generate electricity at lower prices (nuclear plants).

Fig. 8 shows the total transaction level and the loading
margin as a function of the weighting factor. As it can
be observed, only for , the security component of the
objective function has an influence in the OPF solutions, due to
the multiobjective function scaling. As expected, the transaction
level is higher for lower values of security, and it decreases as
increases to yield a larger loading margin (reduce congestion).

Figs. 9 and 10 depict some significant power supplies and
demands together with their corresponding LMPs, showing a
similar behavior as in the case of the simple six-bus test system.
Once again, increasing the security level of the overall system
does not necessarily imply that all power bids decrease. In this
example, the LMPs may also increase for higher values of the
weighting factor, confirming the results obtained for the six-bus
test system, as some generators and/or loads may be penalized
whereas others may benefit as a result of increasing security
levels (reduce transmission congestion). Fig. 11 depicts the be-
havior of the LMP at the Galatina bus as a function of the cor-
respondent local power demand, showing once again the unpre-
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Fig. 9. Most significant power suppliesP and their corresponding LMPs for
the Italian system example.

Fig. 10. Most significant power demandsP and their corresponding LMPs
for the Italian system example.

dictable behavior of the quantity-price pair as the security level
varies.

IV. CONCLUSIONS

In this paper, a multiobjective optimization for managing and
pricing voltage stability is proposed and tested on a simple test
system as well as on a realistic network. The results obtained
with the proposed technique, when compared to those obtained
by means of a typical OPF-based market model, show that
proper representation of system security actually results in
more secure and overall better transactions, since security mar-
gins and transaction levels increase, while locational marginal
prices improve.

The proposed multiobjective OPF method allows market op-
erators and participants to directly control the desired level of
system security by controlling the weighting factors of the dif-
ferent objective functions, which is not possible in typical secu-
rity constrained OPF-based market implementations.

Fig. 11. LMP as a function of power demandP at the Galatina bus.

TABLE V
GENCOAND ESCO BIDS AND BUS DATA FOR THE SIX-BUS TESTSYSTEM

TABLE VI
LINE DATA FOR THE SIX-BUS TEST SYSTEM

Further research work will concentrate in modifying the pro-
posed OPF technique to directly include contingency
computations in the OPF problem as well as to account for other
system constraints, such as minimum up and down times for
generators.

APPENDIX

This appendix depicts the complete data set for the 6-bus
test system of Fig. 1. Table V shows supply and demand bids
and the bus data for the market participants, whereas Table VI
shows the line data. Maximum active power flow limits were
computed offline using a continuation power flow with genera-
tion and load directions based on the corresponding power bids,
whereas thermal limits were assumed to be twice the values of
the line currents at base load conditions for a 400-kV voltage
rating. In Table VI, it is assumed that
and . Maximum and minimum voltage
limits are considered to be 1.1 and 0.9 p.u.
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