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Abstract—This paper addresses the optimal involvement in a
futures electricity market of a power producer to hedge against
the risk of pool price volatility. The considered trading horizon
spans one whole year. Recognizing the highly uncertain nature
of future pool prices, a stochastic programming framework with
recourse is used to model this decision-making problem. The
resulting problem is a large scale mixed-integer linear program-
ming problem. Scenario reduction techniques are used to make
this problem tractable. Risk is properly modeled using the CVaR
methodology. Results from a realistic case study are provided and
analyzed. Some conclusions are finally drawn.

Index Terms—Conditional value at risk (CVaR) methodology,
futures market, power producer, risk, stochastic programming.

NOTATION

THE notation used throughout the paper is stated below for
quick reference.

A. Continuous Variables:

Energy (MWh) generated by unitduring period
and scenario .

Energy (MWh) sold in the pool during period
and scenario .
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C. Constants:

Linear production cost of unit($/MWh).
Minimum percentage of the energy produced by
unit

(MW).

Minimum power output of unit (MW).

Available power (positive or negative) during
period from forward contract previously signed
by the producer (MW).

Last time period spanned by contract.

First time period spanned by contract.

Per unit con�dence level.

Weighting positive factor to achieve appropriate
tradeoff pro�t versus risk.

Number of forward contracts.
Number of units owned by the producer.
Number of selling blocks in forward contract.
Number of time periods.
Number of scenarios.

F. Sets:

Set of time periods including peak periods of all
working days (Monday through Friday).
Set of forward contracts available during period.
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TABLE I
PROBLEM SIZE OF THE STOCHASTIC MODEL

Constraints (8) and (9) establish the maximum power to be
sold and bought, respectively, by the producer through each for-
ward contract.

Constraints (10) state that a producer cannot sell and buy elec-
tricity through the same forward contract.

Constraints (11) and (12) enforce conditions pertaining to the
risk term (see Appendix B).

Finally, constraints (13)–(16) constitute variable declaration.
Note that energy exchanges in the pool market depend on the

scenario that materializes, while energy exchanges in the futures
market are independent of the scenarios.

C. Results

The solution of the model for different values of the risk
weighting factor provides the ef�cient frontier for the pro-
ducer, which represents how the expected pro�t increases as its
pro�t standard deviation (risk) increases (see Fig. 9 of the case
study).

D. Value of the Stochastic Solution

Stochastic models are computationally dif�cult to solve be-
cause the number of variables and constraints greatly increases
with the number of scenarios. Therefore, modeling a problem
through stochastic programming instead of using the corre-
sponding deterministic problem where uncertain parameters
are just replaced by their respective expected values is justi�ed
if pro�t improvements are signi�cant. For the risk-neutral case

, there exists a measure that indicates how good is the
stochastic solution versus the corresponding deterministic one.
This measure is known as value of the stochastic solution (VSS)
[1], and is computed as the difference of two values. The �rst
one is the expected pro�t of the stochastic model. To compute
the second value, a deterministic problem is considered in
which the stochastic variables are replaced by their respective
expected values. The optimizer of this deterministic problem
can be used to evaluate its objective function for each scenario
realization. The average value of these objective function values
is the second value needed to compute the VSS.

If VSS in percentage is suf�ciently high, this is an indication
that it is worthy modeling the problem using a stochastic pro-
gramming framework instead of substituting the stochastic vari-
ables by expected values. Further insight on the use of VSS-type
metrics is provided in [18].

TABLE II
CHARACTERISTICS OF THETHERMAL UNITS

E. Problem Size

The size of the mixed-integer linear programming problem
(1)–(16) expressed as the number of continuous variables, bi-
nary variables and constraints is provided in Table I.

IV. CASE STUDY

The model presented in the previous section is illustrated
through a case study based on the electricity market of main-
land Spain.

A. Data

The considered producer includes six thermal units whose
characteristics are provided in Table II. Note that the minimum
power output of all units, , is 0. A decision horizon of one
year is considered and hourly pool prices of the whole year are
aggregated in 72 prices. The selection of 72 price values to rep-
resent the chronological variation of the electricity spot price
throughout one year is motivated by the spot price behavior in
the electricity market of mainland Spain [19]. In this framework,
12 forward contracts are considered, one per month. Each for-
ward contract consists of two selling and two buying blocks of
160 MW each. Using the heuristic procedure for scenario gen-
eration explained in Appendix A, 200 price scenarios are gen-
erated. The fast forward scenario reduction algorithm explained
in [14] is used to reduce the number of scenarios to 100. The
relative distance between the original and the reduced scenario
tree is lower than 40%. Fig. 4 shows both the evolution of the
price scenarios and the forward contract prices throughout the
year. Note that �rst buying/selling blocks of the same forward
contract have the same price. The second buying/selling block
of each forward contract has a higher/lower price than the cor-
responding �rst block.

For the sake of simplicity and result clarity, we consider in
this case study that no previous forward contract has been signed
by the producer.

B. Results for the Risk-Neutral Model

Stochastic problem (1)–(16) is solved to decide which for-
ward contracts should be signed. Financial risk due to uncer-
tainty of pool prices is not considered in this �rst analysis, so

. Fig. 5 shows the power traded in the futures market.
It should be noted that the-axis represents power, not energy.
Since time periods include different number of hours, the above
remark is necessary. The expected pro�t for the power producer
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Fig. 4. Pool prices and forward contract prices.

Fig. 5. Power involved in futures market�� � �� .

is $24.838 million with a pro�t standard deviation equal to $3.47
million.

Fig. 6 depicts the contract positions in chronological order
along with the actual electricity pool price variations.

The value of the stochastic solution for this example is

$ $ $ million

% %

Note that $24.809 million is the average pro�t obtained eval-
uating (1) for the optimizer of the deterministic problem.

Therefore, we can conclude that the solution obtained using
stochastic programming is clearly superior in terms of pro�t
than the one obtained using a deterministic model.

Fig. 7 illustrates how the optimal objective function value
changes as the number of considered scenarios increases. The
information provided by this �gure allows selecting an appro-
priate number of scenarios.

Fig. 6. Forward contract positions and actual pool prices�� � �� .

Fig. 7. Expected pro�t versus number of scenarios.

C. Results Modeling Risk

Since pool prices are considered as uncertainty parameters,
a producer could be interested in modeling the risk of its pro�t
variation. Problem (1)–(16) is then solved considering a 95%
con�dence level and a weighting factor . Fig. 8 rep-
resents the power traded in the futures market. Expected pro�t
and pro�t standard deviation for the producer are $24.721 mil-
lion and $3.22 million, respectively.

Comparing Figs. 5 and 8, we observe that considering risk
leads to a decrement in the power bought in the futures market
and to an increment in the selling power in that market. This
behavior is justi�ed by the fact that forward contracts have stable
prices while pool prices are volatile. Therefore, selling energy in
futures market generally results in lower risk, and lower pro�t,
than buying energy in the futures market to sell it in the pool.

Fig. 9 shows the expected pro�t as a function of its standard
deviation. This �gure is obtained considering different values
of the factor . Observe that the expected pro�t increases as
its corresponding standard deviation, which is related to risk,
increases.
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Fig. 8. Power involved in futures market� � � � ��� .

Fig. 9. Evolution of expected pro�t versus pro�t standard deviation.

D. Computational Characterization of the Models

The size of the model solved in this case study is provided in
Table III.

All problems have been solved using CPLEX 10.0 under
GAMS [20] on a Linux-based server with two processors
clocking at 2.4 GHz and 8 GB of RAM. CPU time required
to solve the stochastic problem if risk is not considered is 4.5
s, and to solve the stochastic problem considering risk with

is 11 s.

E. Comparison Across Models

This section provides a comparison among different method-
ologies for decision-making involving futures markets. The pur-
pose is to highlight the interest of a stochastic programming ap-
proach.

The pro�t distributions solving different models can be ap-
proximated by normal or lognormal distributions as it is shown
in Fig. 10.

This �gure depicts four distribution functions that correspond
to the following models: 1) futures market involvement consid-
ering a deterministic model for each scenario (note that this is

TABLE III
PROBLEM SIZE OF STOCHASTIC MODEL FOR THECASE STUDY

Fig. 10. Pro�t distribution for several solution methods.

the perfect information condition); 2) deterministic solution ap-
plied to the scenario tree, i.e., the here-and-now decisions ob-
tained solving the deterministic problem are used to evaluate
each scenario; 3) stochastic risk-neutral model ; 4) sto-
chastic model with risk .

From Fig. 10 we conclude that the greatest pro�t is achieved
when perfect information is considered. Another conclusion is
that the power producer can increase its pro�t if it takes into ac-
count theuncertaintyassociatedtopoolprices(deterministiccase
versus others). Finally, we note that as the producer decreases its
own �nancial risk, its pro�t decreases but the probability of ob-
taining a pro�t value close to the average pro�t increases.

V. CONCLUSION

Forward contracting allows hedging the risk of the pro�t
volatility (due to uncertain pool prices) of a power producer.
Within a long-term horizon (1 year) time framework, this
paper shows how a power producer should select forward
contracts so that its expected pro�t is maximized for a given
risk level. The proposed risk-constrained stochastic program-
ming formulation results in a large-scale mixed-integer linear
programming problem that is ef�caciously solved using com-
mercially available software. The appropriate behavior of the
proposed decision-making procedure is demonstrated through
a case study based on the electricity market of mainland Spain.

APPENDIX A
HEURISTIC PROCEDURE FORSCENARIO GENERATION

This appendix describes a simple heuristic procedure for sce-
nario generation. It is motivated by the observation of the price
behavior in the electricity market of mainland Spain and based
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on the expertise of traders. This procedure generates scenarios
from historical time series data.

The procedure �rst determines prices for peak working day
periods and all scenarios, and after that, the rest of prices of all
scenarios are computed. It works as follows:

Step 0) For each period �t a lognormal distribu-
tion function using available historical data.
Step 1) Initialize and .
Step 2) If :

Randomly generate such as
.

Step 3) If

Go to Step 2)
Step 4) If

.
.

Go to Step 2)
Else stop.

where and are lower and upper bounds of com-
puted as the price of the previous peak working day period in
scenario plus an decrement/increment, respectively. These
bounds are imposed to avoid large price �uctuations.

Note that scenarios generated using the previous algorithm
only contain prices for working day peak periods. The rest of
prices of each scenario are obtained using appropriate factors
previously computed as explained below. From historical
time series data, we compute a factor relating the price of the
working day peak period of each month to each of the rest
of periods of that month. For example, the factor relating the
price for the working day peak period of January and the price
for the working day off-peak period of January is computed
dividing these two quantities. To compute the rest of prices for
each scenario, we multiply the peak working day prices of each
month and the corresponding factor. For example, the price for
the working day off-peak period of January is computed as the
product of the price for the working day peak period of January
and the factor relating those two prices.

APPENDIX B
CVAR METHODOLOGY

The CVaR is a measure of risk of particular importance in ap-
plications where uncertainty is modeled through scenarios [21].
Reference [22] shows that CVaR is a coherent risk measure, pos-
itively homogeneous and convex.

This appendix explains how to compute the risk of pro�t vari-
ability using CVaR.

Suppose that the probability distribution function of the pro�t
is known (see Fig. 11). The CVaR is the expected pro�t not
exceeding a measure called Value at Risk (VaR), that is,

(17)

The VaR is a measure computed as the maximum pro�t value
such that the probability of the pro�t being lower than or equal
to this value is lower than or equal to , that is,

(18)

Fig. 11. Pro�t distribution.

Note that is a con�dence level whose value is usually be-
tween 0.9 and 0.99.

CVaR can be computed as the solution of the following opti-
mization problem.

(19)

subject to

(20)

(21)

where is the pro�t in scenario is VaR, is the
probability of scenario and is a variable which is equal to
zero if the scenario has a pro�t greater than VaR. For the rest
of scenarios, is equal to the difference of VaR and the pro�t
of scenario . is the number of considered scenarios.
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