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Multi-Period Probabilistic Production Cost Model
Including Dispatch Constraints
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Abstract—This paper presents a multi-period probabilistic weighting factor for the solution of the subproblem
production cost model. Dispatch intra-period and inter-period associated to periok at iteration,
constraints are considered through the use of a facet LP formula- & ~ _
tion. An efficient solution procedure based on the Dantzig—Wolfe “it expslcted energ){ %r?ducggng)t/_tplar;tn ;he sub
decomposition technique is developed. The work reported in this probiem associated to per lterationt.

paper extends previous work in two respects: (i) inter-period Z objective function of the original problem,
constraints are rigurously treated, and (ii) a systematic general z, objective function of the master problem at iteration
solution procedure is developed. Results for a large-scale case 1,
study are presented. 2k objective function of the subproblem associated to
Index Terms—Multi-period probabilistic production costing, periodk at iterations.
dispatch constraints, facet LP, Dantzig—\Wolfe decomposition. Marginal values:
d¥ reduced costs of the subproblem of periodt iter-
NOMENCLATURE auon{, . . .
. _ Am, v marginal value of the inter-period contraint at
The notation used is stated below. iteration,
. Indices: _ Nf,y marginal value of the intra-period constraintof
i plant index, o periodk at iterationy,
J !ntra-per!od constraint !ndex, ok marginal value of the convexity constraint for period
m inter-period constraint index, L at iterationy.
k time period index, Constants:
s index for the initial solutions, C; running cost of plant,
l iteration index, Dk . coefficient of variablec! in the inter-period con-
v current iteration index, ’ straintm,
I+1 index of the fictitious unserved-energy plant. A¥ coefficient of variablec? in the intra-period con-
Sets: straint;j of periodk,
Q any set of plants, - F, right-hand side of the inter-period constraint
vk set of initial solutions of the subproblem associateg# right-hand side of the intra-period constrajnbf
to periodk, ! period &
=k Iti i ; ’ i
S set of positive reduced cost solutions of the suy»()  expected unserved energy after loading plants of set
problem associated to periddfrom iteration 1 to Q in periodk,
lterationv — 1, Pk expected cost of the subproblem associated to period
] the empty set. k at iteration,
Numbers: fn . contribution to the right-hand side of the inter-period
I number of plants, o _ constraintn of solution! of the subproblem associ-
Jk number of intra-period constraints in peribd ated to period,
M number of inter-period constraints, R¥, contribution to the right-hand side of the intra-period
K . number of periods. constraintj of solution! of the subproblem associ-
Variables: ated to periods.

ck expected energy produced by plai periodk,
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for moderate effort. The load duration curve expresses the praind a realistic large-scale case study are reported. Section V
ability that the load is expected to equal or exceed a fixed powmovides conclusions.
value.

Plants are ordered from lower to higher operating cost. This Il. PROBLEM FORMULATION
order is often referred to as merit order. This merit or loading The multi-period probabilistic production cost model in-
order is used to load plants at maximum capacity. This plagt .. . L

. . . : . cluding dispatch constraints is formulated below.

loading rule is enough to carry out a production cost simulation
so that total production costs are minimized. However, this rule L X
holds only if no dispach constraints are taken into account. Minimize i v; vy, Y > Cick == @)

K I+1

Plant outages are taken into account by incorporating into the k=l =1
load duration curve the additional demand imposed by outages .
of plants with lower positions in the loading order. The equivef‘-UbleCt to
lent load duration curve obtained in this way expresses the prob- KR & -
ability that the equivalent load (customer load plus outage loads Z Z Dime; =F"m=1,., M @

of lower loaded plants) is expected to equal or exceed a fixed k=t i=l

power value.

The cumulant technique [5], [6] or the mixture of normals ap-
proximation technique [7] are typically used to efficiently im-
plement an equivalent load probabilistic production cost model.
In the work reported in this paper a cumulant technique is used.

The equivalent load framework makes it difficult to model Y, e <W () = W*(Q); vQ C {1, -, I+ 1};
dispatch constraints. Intra-period constraints, i.e., constraints #C$?
that couple together decisions within a given period, are k=1, K (4)
typically modeled using heuristic rules [4], [9]. Intra-period
dispatch constraints include the ones involved in: (i) energy

I+1
i=1

storage plants, (i) must-run requirements, (iii) multiple block &=, 4

plants, (iv) two area systems with a transmission limit, (v) Z i =WH0); k=1, K ®)
limited energy plants, and (vi) dispatchable plants. The dis- =t

patch constraints above are the reason why Bloom & Gallant

[8] proposed a framework, that retaining all the advantages F>0i=1- I+ k=1, -, K. (6)

of the equivalent load technique, makes it possible to model

intra-period linear dispatch constraints. Decision variables are the expected energies produced by every

In the models reported in the literature, time periods are coplant in every period.
sidered independent, and therefore inter-period constraints, i.eEquation (1), the objective function, represents the addition
constraints which couple together decisions involving seversflexpected generation costs over plants and periods.
periods, are not considered. Multiple period dispatch constraintsBlock of equations (2) represents inter-period constraints, i.e.
include the ones involved in: (i) emission caps over multipleonstraints that couple together the production of a set of plants
plants, and (ii) complex cascaded hydroelectric plants. Inter-gerer different time periods. These constraints are particularly
riod constraints are particularly useful to model dispatch restrigseful to model hydro system constraints. They allow the op-
tions of the cascaded hydroelectric power plants of a complgnal allocation of hydro generation among periods.
river system. Block of equations (3) represents intra-period constraints, i.e.

This paper addresses a multi-period probabilistic producti@onstraints that couple together the production of a set of plants
cost model including both intra-period and inter-period comwithin a given time period. These constraints are used to model
straints. These constraints are rigurously treated and an efficienvironmental and different types of dispatch constraints.
solution procedure is developed to solve the multi-period prob-Block of equations (4) and equation (5) are the facet con-
abilistic production cost problem. straints [8] used to express a probabilistic production costing

The work reported in this paper is built upon and extends antbdel as a linear programming problem.
generalizes the facet LP formulation of Bloom & Gallant [8].  Finally, block of constraints (6) enforce the positiveness of

Previous reported work is extended in two respects: (i) the trerergy values.
ditional single-period probabilistic simulation production cost It should be noted that *(2) is the expected unserved en-
model is extended to a multi-period frame-work, and (ii) an effergy value of period after loading the plants in st To com-
cient solution procedure, based on the Dantzig-Wolfe decompmste this energy value a conventional probabilistic simulation
sition technique, is developed to solve the multi-period problemun [1] has to be performed.

This paper is organized as follows. Section Il formulates the This problem cannot be solved directly. The number of con-
dispatch constrained multi-period probabilistic production costraints grows exponentially with the number of plants and, for
model addressed in this paper as a facet LP problem includisystems of realistic sizes, it reaches extremely high values. A
additional linear constraints. In Section Il the proposed solutidi® period case study including 100 generating plants requires
technique is developed. In Section IV results for an example x (2(1°°+1) —1) = 3.04 x 103! facet constraints. Therefore,
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this problem has to be addressed using a special purpose proce-

dure. The special purpose solution procedure proposed in this N N

paper is explained in next section. u, 20 sseV¥g k=1, K (12)
where

=k k

. . a2r=A{l 1,2, ---,v—1} . d 0, k=1,---, K (13

Blocks of constraints (2) and (3) are the complicating con-~ {redt, o =1} di >0k _ oo K(13)

straints. They make the problem formulated in the previous ségthe set of positive reduced cost solutions of the subproblem

tion hard to solve. If these blocks of constraints are ignore@Ssociated to periok from iteration 1 to iteration — 1,

the resulting prqblem decomposes by time period, and every dF = oF — 2F (14)

subproblem attains such a structure that it can be solved in a

straightforward manner by direct application of the Balériau@€ reduced costs,

[ll. SOLUTION APPROACH

technique [1]. However, blocks of constraints (2) and (3) pre- I+1
vent the direct use of the Balériaux algorithm. P} = Z Cick (15)
The Dantzig—Wolfe decomposition technique was developed i=1

to eff|C|ent.Iy solvg problems V.V'th the s'Fruct.u re of proble'rr?s the contribution to the total cost of solutidnof the sub-
(1)—(6). This technique guaranties the optimality of the solution . .
oblem associated to peridgl

found [10], [11]. Through the Dantzig—Wolfe decompositioﬁ) '

procedure the original problem is reformulated becoming the ko = DE ok 16
so-called master problem. In this master problem complicating m, 2 m, %1 (16)

constraints are explicitly considered, while the remaining con-
straints are implicitly considered. The master problem typical|
has a low number of constraints but a high number of variabl

the contribution to the right-hand side of the inter-period con-
taintm of solution! of the subproblem associated to perigd

this is why it is solved using a column generation strategy. . I+l vk
The variables (columns) to add to the master problem at every R = Z Ai g 1)
=1

iteration are determined through the solution of the subprob-

lems. Every subproblem is associated to a time period and ipthe contribution to the right-hand side of the intra-period con-
cludes only noncomplicating constraints. The solution of evefjfaint; of solution! of the subproblem associated to periad
subproblem is, therefore, independently obtained by straightfor-The variables of the master problem are the weighting fac-

ward application of the Balériaux technique [1]. tors for the solutions of the subproblems. The objective function
(7) is a convex combination of the available subproblem solu-
A. The Master Problem tions. Equations (8) enforce inter-period constraints while equa-

tions (9) enforce intra-period constraints. Equations (10)—(12)

The master problem at iteratienhas the form: S - :
enforce convex combination conditions for every period.

Minimizeu,gy,u,;,vs’\”,v,c It should be noted that the master problem above is a small
K size LP problem whose constraint number is constant and equal
Z Z Prub 4 Z Prub | =2, @) to the qumber of compllicating constraints .plus one convexity
el W Jeak constraint for each period, and whose variable number grows
sEN 0 =

with the number of iterations. A revised simplex strategy can
be implemented to keep the member of variables constant and

subject to equal to the number of constraints. However, this strategy sig-
K . . nificantly deteriorates the computational efficiency of the whole
Z Z Q. sUs + Z Qa1 | = Fint Am,vs procedure because the number of Dantzig—Wolfe iterations in-
k=1 \scTk legk creases.
B. The Subproblems
- - N N The subproblem at iteration associated to periadhas the
Z R} jug + Z Ry i = Bj :opg form:
ke —=k - . .
€% le= Minimize,» v,
j=1, 0 k=1, K 9) . o .
S C= D A Dh =0 kAL | ek,
Z U,I; + U,} -1 : O_llj; =1 m=1 j=1
scwk lesk =z, (18)
k=1,---, K (10) subject to

D ek, SWHO) - W)
ey’

wf>0 =1, v-Lik=1--, K (11 v C AL, - I+1} (19)



PEREZ-RUIZ AND CONEJO: MULTI-PERIOD PROBABILISTIC PRODUCTION COST MODEL 505

] Once the iterative procedure is completed, expected energy
S ek, = WE(D) (20) i i
i, v values of plants in every period are computed as
=1
b, 20i=1 0 41 @) k= Y kb 3T

sCwf lezk

The variables of the subproblems are the expected energies pro- i=1,--, I+ k=1 - K (22)
duced by every plant. The cost associated to every variableinth(%_h ional effici f th i

objective function consists of three terms: (i) running cost, (ii) € computat_lona etliciency o t N above'pro.cedure retes

cost incurred for contributing to meet inter-period constraintg,pon _the_followmg tv_vo facts: (i) incorporating mter—perlod_

complicating constraints to the master problem makes it

ztr;giglg.cost incurred for contributing to meet intra-period Conpossible an independent solution of the subproblems, and
) (ii) incorporating intra-period complicating constraints to the

Itshould be noted that the number of subproblems at 'terat'ﬁ{gster problem makes it possible a straightforward solution of

v is equal to the number of periods whichs the subproblems through the use of the Balériaux technique [1].

It should also be noted that the subproblems are solved indett should be noted that the convergence and robustness of the

pendently.

above procedure are guaranteed because all subproblems are

The optimal solution of every subproblem is obtained fromlaounded [11].

merit order criterion. That is, plants are arranged from lower to

higher production cost, forming what is called the merit ordel- Implementation Issues
Then, to compute expected energy productions and expectegtoyr implementation issues are discussed below.

costs, they are successively loaded in the corresponding equiv—ll
alent load duration curve as originally stated by Balériatal.
[1] and Booth [2]. It should be noted that the above optimal solu-
tion procedure is independent of the number of facet constraints.
Units affected by active dispatch constraints are forced to
change their location in the equivalent load duration curve and
to lie in the position determined by their respective equivalent
costs. The equivalent cost of one unitin one period is the cost co-
efficient of that unit in the objective function of the subproblem
associated to that period. The equivalent castvalue in [8])
depends on the unit running cost, the dual value of the active
dispatch constraint and the linear coefficient of that unit in the 3
dispatch constraint.

C. lterative Procedure

The solution at iteratiowr of subproblent: is a “useful” so-
lution if it has a positive reduced cost, i.e.off — 2¥ is positive.

Any useful subproblem solution can be incorporated into the
master problem as a new variable to improve the current master
problem solution [11].

At iteration the master problem carries out a convex com-
bination of the “useful” subproblem solutions of the first- 1
iterations with the objective to meet complicating constraints
while achieving the minimum cost. The solution of the master
problem provides cost signala’s and;:’s) to be used by the
subproblems to implicitly take into account the complicating
constraints.

Once every plant production cost has been updated using
master problem price signals, the subproblems are solved inde-
pendently. The solutions of the subproblems provide the masterg
problem with information on the usage of the “resources”
(right-hand sides) associated to the complicating constraints.

The master problem and the subproblems are solved itera-
tively until no useful subproblem solution is found, i.e., until no
master problem variable with positive reduced cost exists.

At any iteration, all useful subproblem solutions can be
incorporated into the master problem, and not only just
one. This strategy has proved to be particularly efficient
because the number of master problem iterations is
significantly reduced, while the additional computational

burden associated to a higher number of columns is
negligible.

2. A “warm” start for the master problem is possible after

the first iteration, because the master problem solution of
the previous iteration can be used as an initial solution for
the master problem of the current iteration.
Although the Dantzig—Wolfe decomposition procedure
always converges to the optimal solution of the original
problem [11], for practical reasons, it is more appropriate
to stop the procedure when the per unit difference be-
tween the upper bound and a lower bound of the objective
function of the original problem is below a pre-specified
thresholde.

The upper bound of the objective function of the orig-
inal problem at iteratiow is

(23)

A lower bound of the objective function of the original
problem at iteration- is

Zy = Zy.

z=z— » di (24)
k:dk>0
Therefore, as soon as the inequality
Zy— %
LA AP 25
ZoAl = (25)

is met, the iterative procedure is stopped.

Not all subproblems have to be solved at each iteration.
Any subproblem, whose updated unit production costs do
not modify the Balériaux loading order of any previous
iteration, does not have to be solved. This is so because
the expected energy values associated to that subproblem
do not differ from the ones of that previous iteration.
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1200 , . . : T
g Load Demand/10 [GWh]
1000} W
800
600 |
400 -
200 Hydro Energy [GWh]
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Fig. 2. Convergence behavior of the Dantzig—Wolfe technique. 4200 | |
4000 4 6 8 10 12
E. Initialization Periods

For every period, one or several solutions of the corre-
sponding subproblems are easily generated by using ffii@ 4. Running costs (straight lines) and equivalent costs (piecewise lines) of
Balériaux technique. With all these subproblem solutions a ﬁrtgvto thermal units included in the intra-period must-run constraints.
master problem is solved. The subproblem solutions should
be generated so that this first master problem is feasible. TRI§ar and 48 coal-fired units. Eight cascaded hydro plants repre-
is easily accomplished due to the structure of the multi-perig@nting the Douro river are considered. The planning horizon is
probabilistic production cost problem. Then, the algorithrine year divided in 12 periods. For each period a load duration

proceeds as previously stated. curve is used.
The case study analyzed considers 17 dispatch constraints:

12 intra-period must-run constraints that couple together
expected energy values of 5 thermal plants within each period,

The example analyzed in detail in [8] includes 5 thermd inter-period environmental constraints that couple together
plants and 2 pumped storage plants. It is a single periedpected energy values of 4 thermal units along 3 consecutive
example. The procedure developed in this paper has bgmmiods, and finally 1 inter-period hydro-electric constraint
applied to that example obtaining exactly the same resultsat couples together expected energy values of the 8 hydro
The number of iterations required by the master problem wasits involving all periods. Must-run constraints enforce
13, and the CPU time required on a Pentium PC with 32ke-or-pay fuel contracts, environmental constraints enforce
MB of RAM was 0.22 seconds. It should be noted that theollutant emission quotas limiting environmental impact, and
computational efficiency of the developed procedure is motiee hydroelectric constraint couples hydro energy productions
apparent when solving large-scale multi-period case studiespsll periods. The complete LP formulation of this case study
the one reported below. requiresl2 x (2(63+1) — 1) = 2.21 x 10?° facet constraints.

A comprehensive case study based on the generating systeffihe number of rows of the master LP problem matrix is 29
of mainland Spain is presented. Thermal plants includes 7 {7 dispatch constraints and 12, one per period, convex con-

IV. CASE STUDIES
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duction cost model to a multi-period framework. Both, inter-pe-

Number of pivot iterations of the master problem

35 , - riod and intra-period dispatch constraints are considered.
% 1 An efficient and general solution technique based on the [10]
I ] Dantzig—Wolfe decomposition technique is developed to solve
25! — o | this multi-period problem.
Results based on a realistic and large-scale case study are
200 — [ ) reported.
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