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Multi-Period Probabilistic Production Cost Model
Including Dispatch Constraints

Juan Pérez-Ruiz, Member, IEEE,and Antonio J. Conejo, Senior Member, IEEE

Abstract—This paper presents a multi-period probabilistic
production cost model. Dispatch intra-period and inter-period
constraints are considered through the use of a facet LP formula-
tion. An efficient solution procedure based on the Dantzig–Wolfe
decomposition technique is developed. The work reported in this
paper extends previous work in two respects: (i) inter-period
constraints are rigurously treated, and (ii) a systematic general
solution procedure is developed. Results for a large-scale case
study are presented.

Index Terms—Multi-period probabilistic production costing,
dispatch constraints, facet LP, Dantzig–Wolfe decomposition.

NOMENCLATURE

The notation used is stated below.
Indices:

plant index,
intra-period constraint index,
inter-period constraint index,
time period index,
index for the initial solutions,
iteration index,
current iteration index,
index of the fictitious unserved-energy plant.

Sets:
any set of plants,
set of initial solutions of the subproblem associated
to period ,
set of positive reduced cost solutions of the sub-
problem associated to periodfrom iteration 1 to
iteration ,
the empty set.

Numbers:
number of plants,
number of intra-period constraints in period,
number of inter-period constraints,
number of periods.

Variables:
expected energy produced by plantin period ,
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weighting factor for the solution of the subproblem
associated to period at iteration ,
expected energy produced by plantin the sub-
problem associated to periodat iteration .
objective function of the original problem,
objective function of the master problem at iteration

,
objective function of the subproblem associated to
period at iteration .

Marginal values:
reduced costs of the subproblem of periodat iter-
ation ,
marginal value of the inter-period contraint at
iteration ,
marginal value of the intra-period constraintof
period at iteration ,
marginal value of the convexity constraint for period

at iteration .
Constants:

running cost of plant,
coefficient of variable in the inter-period con-
straint ,
coefficient of variable in the intra-period con-
straint of period ,
right-hand side of the inter-period constraint,
right-hand side of the intra-period constraintof
period ,
expected unserved energy after loading plants of set

in period ,
expected cost of the subproblem associated to period

at iteration ,
contribution to the right-hand side of the inter-period
constraint of solution of the subproblem associ-
ated to period ,
contribution to the right-hand side of the intra-period
constraint of solution of the subproblem associ-
ated to period .

I. INTRODUCTION

PROBABILISTIC production cost models [1]–[4] are
widely used tools to estimate expected electric energy pro-

ductions and expected costs in a large/medium-term horizon.
A typical time horizon is a year divided in monthly or weekly
periods.

The load in every period is modeled using a load duration
curve. Load duration curve models offer reasonable accuracy

0885–8950/00$10.00 © 2000 IEEE



PÉREZ-RUIZ AND CONEJO: MULTI-PERIOD PROBABILISTIC PRODUCTION COST MODEL 503

for moderate effort. The load duration curve expresses the prob-
ability that the load is expected to equal or exceed a fixed power
value.

Plants are ordered from lower to higher operating cost. This
order is often referred to as merit order. This merit or loading
order is used to load plants at maximum capacity. This plant
loading rule is enough to carry out a production cost simulation
so that total production costs are minimized. However, this rule
holds only if no dispach constraints are taken into account.

Plant outages are taken into account by incorporating into the
load duration curve the additional demand imposed by outages
of plants with lower positions in the loading order. The equiva-
lent load duration curve obtained in this way expresses the prob-
ability that the equivalent load (customer load plus outage loads
of lower loaded plants) is expected to equal or exceed a fixed
power value.

The cumulant technique [5], [6] or the mixture of normals ap-
proximation technique [7] are typically used to efficiently im-
plement an equivalent load probabilistic production cost model.
In the work reported in this paper a cumulant technique is used.

The equivalent load framework makes it difficult to model
dispatch constraints. Intra-period constraints, i.e., constraints
that couple together decisions within a given period, are
typically modeled using heuristic rules [4], [9]. Intra-period
dispatch constraints include the ones involved in: (i) energy
storage plants, (ii) must-run requirements, (iii) multiple block
plants, (iv) two area systems with a transmission limit, (v)
limited energy plants, and (vi) dispatchable plants. The dis-
patch constraints above are the reason why Bloom & Gallant
[8] proposed a framework, that retaining all the advantages
of the equivalent load technique, makes it possible to model
intra-period linear dispatch constraints.

In the models reported in the literature, time periods are con-
sidered independent, and therefore inter-period constraints, i.e.
constraints which couple together decisions involving several
periods, are not considered. Multiple period dispatch constraints
include the ones involved in: (i) emission caps over multiple
plants, and (ii) complex cascaded hydroelectric plants. Inter-pe-
riod constraints are particularly useful to model dispatch restric-
tions of the cascaded hydroelectric power plants of a complex
river system.

This paper addresses a multi-period probabilistic production
cost model including both intra-period and inter-period con-
straints. These constraints are rigurously treated and an efficient
solution procedure is developed to solve the multi-period prob-
abilistic production cost problem.

The work reported in this paper is built upon and extends and
generalizes the facet LP formulation of Bloom & Gallant [8].

Previous reported work is extended in two respects: (i) the tra-
ditional single-period probabilistic simulation production cost
model is extended to a multi-period frame-work, and (ii) an effi-
cient solution procedure, based on the Dantzig-Wolfe decompo-
sition technique, is developed to solve the multi-period problem.

This paper is organized as follows. Section II formulates the
dispatch constrained multi-period probabilistic production cost
model addressed in this paper as a facet LP problem including
additional linear constraints. In Section III the proposed solution
technique is developed. In Section IV results for an example

and a realistic large-scale case study are reported. Section V
provides conclusions.

II. PROBLEM FORMULATION

The multi-period probabilistic production cost model in-
cluding dispatch constraints is formulated below.

Minimize (1)

subject to

(2)

(3)

(4)

(5)

(6)

Decision variables are the expected energies produced by every
plant in every period.

Equation (1), the objective function, represents the addition
of expected generation costs over plants and periods.

Block of equations (2) represents inter-period constraints, i.e.
constraints that couple together the production of a set of plants
over different time periods. These constraints are particularly
useful to model hydro system constraints. They allow the op-
timal allocation of hydro generation among periods.

Block of equations (3) represents intra-period constraints, i.e.
constraints that couple together the production of a set of plants
within a given time period. These constraints are used to model
environmental and different types of dispatch constraints.

Block of equations (4) and equation (5) are the facet con-
straints [8] used to express a probabilistic production costing
model as a linear programming problem.

Finally, block of constraints (6) enforce the positiveness of
energy values.

It should be noted that is the expected unserved en-
ergy value of period after loading the plants in set. To com-
pute this energy value a conventional probabilistic simulation
run [1] has to be performed.

This problem cannot be solved directly. The number of con-
straints grows exponentially with the number of plants and, for
systems of realistic sizes, it reaches extremely high values. A
12 period case study including 100 generating plants requires

facet constraints. Therefore,
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this problem has to be addressed using a special purpose proce-
dure. The special purpose solution procedure proposed in this
paper is explained in next section.

III. SOLUTION APPROACH

Blocks of constraints (2) and (3) are the complicating con-
straints. They make the problem formulated in the previous sec-
tion hard to solve. If these blocks of constraints are ignored,
the resulting problem decomposes by time period, and every
subproblem attains such a structure that it can be solved in a
straightforward manner by direct application of the Balériaux
technique [1]. However, blocks of constraints (2) and (3) pre-
vent the direct use of the Balériaux algorithm.

The Dantzig–Wolfe decomposition technique was developed
to efficiently solve problems with the structure of problem
(1)–(6). This technique guaranties the optimality of the solution
found [10], [11]. Through the Dantzig–Wolfe decomposition
procedure the original problem is reformulated becoming the
so-called master problem. In this master problem complicating
constraints are explicitly considered, while the remaining con-
straints are implicitly considered. The master problem typically
has a low number of constraints but a high number of variables;
this is why it is solved using a column generation strategy.

The variables (columns) to add to the master problem at every
iteration are determined through the solution of the subprob-
lems. Every subproblem is associated to a time period and in-
cludes only noncomplicating constraints. The solution of every
subproblem is, therefore, independently obtained by straightfor-
ward application of the Balériaux technique [1].

A. The Master Problem

The master problem at iterationhas the form:

Minimize

(7)

subject to

(8)

(9)

(10)

(11)

(12)

where

(13)

is the set of positive reduced cost solutions of the subproblem
associated to period from iteration 1 to iteration ,

(14)

are reduced costs,

(15)

is the contribution to the total cost of solutionof the sub-
problem associated to period,

(16)

is the contribution to the right-hand side of the inter-period con-
straint of solution of the subproblem associated to period,

(17)

is the contribution to the right-hand side of the intra-period con-
straint of solution of the subproblem associated to period.

The variables of the master problem are the weighting fac-
tors for the solutions of the subproblems. The objective function
(7) is a convex combination of the available subproblem solu-
tions. Equations (8) enforce inter-period constraints while equa-
tions (9) enforce intra-period constraints. Equations (10)–(12)
enforce convex combination conditions for every period.

It should be noted that the master problem above is a small
size LP problem whose constraint number is constant and equal
to the number of complicating constraints plus one convexity
constraint for each period, and whose variable number grows
with the number of iterations. A revised simplex strategy can
be implemented to keep the member of variables constant and
equal to the number of constraints. However, this strategy sig-
nificantly deteriorates the computational efficiency of the whole
procedure because the number of Dantzig–Wolfe iterations in-
creases.

B. The Subproblems

The subproblem at iteration, associated to periodhas the
form:

Minimize

(18)

subject to

(19)
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(20)

(21)

The variables of the subproblems are the expected energies pro-
duced by every plant. The cost associated to every variable in the
objective function consists of three terms: (i) running cost, (ii)
cost incurred for contributing to meet inter-period constraints,
and (iii) cost incurred for contributing to meet intra-period con-
straints.

It should be noted that the number of subproblems at iteration
is equal to the number of periods which is.

It should also be noted that the subproblems are solved inde-
pendently.

The optimal solution of every subproblem is obtained from a
merit order criterion. That is, plants are arranged from lower to
higher production cost, forming what is called the merit order.
Then, to compute expected energy productions and expected
costs, they are successively loaded in the corresponding equiv-
alent load duration curve as originally stated by Balériauxet al.
[1] and Booth [2]. It should be noted that the above optimal solu-
tion procedure is independent of the number of facet constraints.

Units affected by active dispatch constraints are forced to
change their location in the equivalent load duration curve and
to lie in the position determined by their respective equivalent
costs. The equivalent cost of one unit in one period is the cost co-
efficient of that unit in the objective function of the subproblem
associated to that period. The equivalent cost (-value in [8])
depends on the unit running cost, the dual value of the active
dispatch constraint and the linear coefficient of that unit in the
dispatch constraint.

C. Iterative Procedure

The solution at iteration of subproblem is a “useful” so-
lution if it has a positive reduced cost, i.e., if is positive.
Any useful subproblem solution can be incorporated into the
master problem as a new variable to improve the current master
problem solution [11].

At iteration the master problem carries out a convex com-
bination of the “useful” subproblem solutions of the first
iterations with the objective to meet complicating constraints
while achieving the minimum cost. The solution of the master
problem provides cost signals (’s and ’s) to be used by the
subproblems to implicitly take into account the complicating
constraints.

Once every plant production cost has been updated using
master problem price signals, the subproblems are solved inde-
pendently. The solutions of the subproblems provide the master
problem with information on the usage of the “resources”
(right-hand sides) associated to the complicating constraints.

The master problem and the subproblems are solved itera-
tively until no useful subproblem solution is found, i.e., until no
master problem variable with positive reduced cost exists.

Once the iterative procedure is completed, expected energy
values of plants in every period are computed as

(22)

The computational efficiency of the above procedure relies
upon the following two facts: (i) incorporating inter-period
complicating constraints to the master problem makes it
possible an independent solution of the subproblems, and
(ii) incorporating intra-period complicating constraints to the
master problem makes it possible a straightforward solution of
the subproblems through the use of the Balériaux technique [1].

It should be noted that the convergence and robustness of the
above procedure are guaranteed because all subproblems are
bounded [11].

D. Implementation Issues

Four implementation issues are discussed below.

1. At any iteration, all useful subproblem solutions can be
incorporated into the master problem, and not only just
one. This strategy has proved to be particularly efficient
because the number of master problem iterations is
significantly reduced, while the additional computational
burden associated to a higher number of columns is
negligible.

2. A “warm” start for the master problem is possible after
the first iteration, because the master problem solution of
the previous iteration can be used as an initial solution for
the master problem of the current iteration.

3. Although the Dantzig–Wolfe decomposition procedure
always converges to the optimal solution of the original
problem [11], for practical reasons, it is more appropriate
to stop the procedure when the per unit difference be-
tween the upper bound and a lower bound of the objective
function of the original problem is below a pre-specified
threshold .

The upper bound of the objective function of the orig-
inal problem at iteration is

(23)

A lower bound of the objective function of the original
problem at iteration is

(24)

Therefore, as soon as the inequality

(25)

is met, the iterative procedure is stopped.
4. Not all subproblems have to be solved at each iteration.

Any subproblem, whose updated unit production costs do
not modify the Balériaux loading order of any previous
iteration, does not have to be solved. This is so because
the expected energy values associated to that subproblem
do not differ from the ones of that previous iteration.
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Fig.1. Structure of master problem matrix.

Fig. 2. Convergence behavior of the Dantzig–Wolfe technique.

E. Initialization

For every period, one or several solutions of the corre-
sponding subproblems are easily generated by using the
Balériaux technique. With all these subproblem solutions a first
master problem is solved. The subproblem solutions should
be generated so that this first master problem is feasible. This
is easily accomplished due to the structure of the multi-period
probabilistic production cost problem. Then, the algorithm
proceeds as previously stated.

IV. CASE STUDIES

The example analyzed in detail in [8] includes 5 thermal
plants and 2 pumped storage plants. It is a single period
example. The procedure developed in this paper has been
applied to that example obtaining exactly the same results.
The number of iterations required by the master problem was
13, and the CPU time required on a Pentium PC with 32
MB of RAM was 0.22 seconds. It should be noted that the
computational efficiency of the developed procedure is more
apparent when solving large-scale multi-period case studies, as
the one reported below.

A comprehensive case study based on the generating system
of mainland Spain is presented. Thermal plants includes 7 nu-

Fig. 3. Load demand and optimal hydro energy production.

Fig. 4. Running costs (straight lines) and equivalent costs (piecewise lines) of
two thermal units included in the intra-period must-run constraints.

clear and 48 coal-fired units. Eight cascaded hydro plants repre-
senting the Douro river are considered. The planning horizon is
one year divided in 12 periods. For each period a load duration
curve is used.

The case study analyzed considers 17 dispatch constraints:
12 intra-period must-run constraints that couple together
expected energy values of 5 thermal plants within each period,
4 inter-period environmental constraints that couple together
expected energy values of 4 thermal units along 3 consecutive
periods, and finally 1 inter-period hydro-electric constraint
that couples together expected energy values of the 8 hydro
units involving all periods. Must-run constraints enforce
take-or-pay fuel contracts, environmental constraints enforce
pollutant emission quotas limiting environmental impact, and
the hydroelectric constraint couples hydro energy productions
of all periods. The complete LP formulation of this case study
requires facet constraints.

The number of rows of the master LP problem matrix is 29
(17 dispatch constraints and 12, one per period, convex con-
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Fig. 5. Number of pivot iterations of LP master problems.

straints), while the number of columns grows with the number
of Dantzig–Wolfe iterations. Fig. 1 shows the sparsity structure
of that matrix.

Fig. 2 shows the evolution of the upper and lower bounds
of the objective function as the Dantzig–Wolfe decomposition
technique evolves.

Fig. 3 shows the optimal expected hydro energy production
and the load demand for all periods. It should be noted that, as
expected, hydro energy production follows the load demand. In
that figure the load demand scale has been changed to enhance
clarity.

Fig. 4 shows the equivalent costs of two units and their run-
ning costs. As they are affected by the intra-period must-run
constraints, and these constraints are active in the minimizer in
all periods, their equivalent costs are reduced to increase their
expected generation.

The number of iterations of the Dantzig–Wolfe procedure
needed to run the above case study was 16, and the total CPU
time was 84 seconds (on a Pentium PC with 32 MB of RAM).
As a warm start is used for master problems, the solution of
each LP master problem is determined after a low number of
pivot iterations. Fig. 5 shows the number of pivot iterations for
LP master problems.

V. CONCLUSIONS

Probabilistic production cost models are widely used to
compute expected values of energy production and cost in
a medium/long-term horizon. Probabilistic production cost
models based on the equivalent load curve are computationally
efficient and accurate tools.

However, modeling dispatch constraints is not possible unless
a facet LP formulation is used. This paper uses a facet LP formu-
lation to extend the traditional single-period probabilistic pro-

duction cost model to a multi-period framework. Both, inter-pe-
riod and intra-period dispatch constraints are considered.

An efficient and general solution technique based on the [10]
Dantzig–Wolfe decomposition technique is developed to solve
this multi-period problem.

Results based on a realistic and large-scale case study are
reported.
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