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Abstract - This paper provides a framework to carry out a
multi-area optimal power flow in a coordinated decentral-
ized fashion. A DC nonlinear optimal power flow model
is used. Losses are incorporated through additional loads
based on cosine approximations. The model makes it pos-
sible the independent optimal dispatch of each area while
the global economical optimum of the whole electric en-
ergy system is achieved. This is possible by means of the
Lagrangian Relaxation decomposition procedure. Optimal
energy pricing rates for the energy traded through the in-
terconnections are derived. The developed algorithm can
be run in parallel either to carry out numerical simulations
or in an actual multi-area electric energy system.

Keywords: DC-OPF, Decentralization, Energy transac-
tion optimal pricing, Lagrangian relaxation.

1 Introduction

This paper provides a framework to carry out a multi-area
optimal power flow (OPF) in an electric energy system.
This is accomplished in a coordinated but decentralized
fashion.

A DC nonlinear OPF model is used [1]. Losses are incor-
porated through additional loads based on cosine approxi-
mations. This approach has proven to be accurate enough
for the purpose of cost and price calculations.

The model makes it possible the independent optimal dis-
patch of each area while the global optimum of the whole
system is achieved. This is particularly relevant in a multi-
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utility or multi-country setting. In order to achieve an
economical optimal dispatch of the whole electric energy
system it is not necessary to set up a common control
center. it is sufficient to interchange a small amount of
information among the involved utilities or countries.

Optimal energy pricing rates for the energy traded through
the interconnections are derived.

As an example. the developed algorithm can be applied to
the independent but coordinated operation of the Central
American countries integrated in the STEPAC project [2].

The decomposition is not oriented to improve computa-
tional efficiency but to preserve dispatching independence
of each area in a multi-area electric energy system.

The above algorithm is based on the Lagrangian Relax-
ation {LR) decomposition procedure [3]. Although the LR
decomposition procedure has been extensively used to ad-
dress the unit commitment problem [4, 5, 6, 7] no reference
has been found that applies the LR decomposition proce-
dure to the multi-area OPF problem.

Recent relevant work on unit commitment and economic
dispatch includes [8, 9, 10]. Wang and Shahidehpour pro-
posed a multi-area short-term hydro-thermal coordination
based on LR [8]. Lee et al. proposed a multi-area unit com-
mitment based on heuristics derived from microeconormics
principles [9]. El-Kaib et al. proposed and environmen-
tally constrained economic dispatch solved through LR
[10]. Kim and Baldick used an Augmented Lagrangian
approach to solve a distributed OPF problem [11]. How-
ever. none of these works uses a decentralized multi-area
approach based on LR to address the DC-OPF problem.

The developed algorithm can be run in parallel either to
carry out numerical experiments or in an actual multi-area
(multi-utility) electric energy system.

This paper is organized as follows. Section 2 gives the no-
tation used throughout the paper. Section 3 formulates
the multi-area digpatching problem. Section 4 deseribes
the subproblems and the coordinating procedure (multi-
plier updating). Section 5 is a case study. Section 6 pro-
vides conclusions.
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2 Notation

The notation used i

Variables:
6; angle of bus ¢,
pi power produced

Multipliers:

a;; multiplier assoc
the fictitious by

Bi; multiplier associ
one of the two fi
buses case),

vi; multiplier associ
the other one of
fictitious buses

# generic multiplier

Functions:

fi(-) operating cost

hij(-) power misma
necting line ij

gi;(+) power mismat
terconnecting li

1;;(-) power mismat
buses of intercg
case).

Constants:

D; demand in bus 4
R;i resistance of lin
B the inverse of tl
Ly loss coefficient
P;; maximum trang
P; maximum outpu

stated below.

y generator z.

ated to the power balance equation of
s of line ij (one fictitious bus case),

ated to the power balance equation of
ctitious buses of line i (two fictitious

ated to the power balance equation of
the two fictitious buses of line ij (two
ase),

vector.

of generator 4,

tch at the fictitious bus of intercon-
one fictitious bus case),

ch at one of the fictitious buses of in-
ne ij (two fictitious buses case),

ch at the other one of the fictitious
nnecting line ¢j (two fictitious buses

bl
e ik,

he reactance of line ik,

f line ik,

mission capacity of line ij,
t power of generator 4,

P, minimum output power of generator 1.

Sets:
Aq set of generators
O, set of buses of al

of area a,
rea a,

Q; set of buses connected to bus i,

Zq set of interconne

Operators:

cting lines of area a.

Ug set union over sets with subindex a,

3 Problem

Formulation

In this section the multi-area optimal power flow is formu-

lated. Then, fictiti

us buses are incorporated in this for-

mulation to preserve dispatch independence of each area

while allowing area

decomposition.
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The OPF for the whole electric energy system can be for-
mulated as:

Minimize Zie(uma} Fi(pi)

subject to

pi — Di + Zkeﬂi [B,;k(ék — 57;)
LT = cos(6k — 6:))] = 0
Vi € {Ua®a}, V) € {UaB0a},i # 4,

P, <pi<P;  Vic{UsAg}.

Vie {UsOa}, (1)

The loss coefficient of line ij is

_ Ity
R+ (1/Biy)?

(2)

Lij

The objective function is the addition of generator operat-
ing costs. The first block of constraints enforces power bal-
ance in every bus, the second block enforces transmission
capacity limits for every line, and the third block states
bounds on power output for every generator.

In order to make the above dispatching problem separable
per area either one fictitious bus or two fictitious buses are
included per interconnecting line. This is shown in figures
1 and 2.

The purpose of the fictitious buses is to preserve the in-
tegrity of the particular dispatching problem of every area
while allowing area decomposition.

The one fictitious bus approach allows a simple yet ele-
gant economic interpretation of the Lagrange multipliers.
They are interpreted as optimal energy trading prices at
interconnecting lines {12]. However, this approach requires
a sequential solution of the area subproblems. The vari-
ables agsociated to the fictitious bus per interconnection
sequentially concatenates the area subproblems.

The two fictitious bus approach allows a fully independent
solution of every area subproblem. This result in a parallel
algorithm which can be easily implemented in an actual
multi-area electric energy system.

It should be noted that the above two decomposition ap-
proaches render identical solution, which is also identical
to the solution obtained using a centralized approach.

3.1 One fictitious bus

If one fictitious bus 2 is included per line interconnecting
areas, the equations below should be included in original
problem (1).

hij = 23,’,;’(5,‘, — 5:5) -+ QB,',]‘((SJ‘ — 5$) =0
Vij € {UgZq}-

3)
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Figure 1: One fictitious bus per interconnecting line.

The above equation enforces power balance in the fictitious
bus of every interconnecting line. It should be noted that
loads representing losses are allocated to the non-fictitious
buses of the interconnecting line ij. This preserves the
linearity of equation (3) and makes it possible the decom-
position.

3.2 Two fictitious buses

If two fictitious buses v and z are included per line inter-
connecting areas, the equations below should be included
in original problem (1).

Gij = 3B7jj((511 — (Sy) + 3B,‘j((5z - 5y) =0 Bi;
Vij € {UeZal,

li; = 3B7;j(5j —6,) + Bquj(éy —
Vij € {UaZa}-

=0 ia @

127

The above equations enforce power balance in the two fic-
titious buses of every interconnecting line. It should be
noted that loads representing losses are allocated to the
non-fictitious buses of the interconnecting line 4.

4 Solution Approach

The proposed solution algorithm is based on the LR de-
composition procedure [3].

The original (primal) problem (1) has the form:

Minimize, f(x
subject to  A(x

where h(x) = 0 are complicating constraints.

1 [
’ J1‘j

Li(1-cos(@;-5,))

o
171-— y

Li(1-cos(d; - 8,))

]

AREA A ; AREA B
By Ry

i i 1 H j
LU(]-COS(B, - 6J)) E Lji(l*COS(Bj - 61);

I

3By, Ry X 3B; , R
]
I
1
]
]
1

Figure 2: Two fictitious buses per interconnecting line.

The Lagrangian is
LB.2)= f(z)+0Tn(z). (6)

The dual function i obtained from the Lagrangian as

o(#) = Minimize, L£(0,2)
subject to  g1(z) =0 (7)
g2(2) <0,
and then the dual problem is
Maximizeg o(0). (8)

Under convexity assumptions, it can be shown that the
optimal solution for the primal problem is equal to the
optimal solution for the dual problem [3], i.e.

fla™) = o(07), (9)
where 2* is the minimizer for the primal problem and 8~

the maximizer for the dual problem.

Based on what is stated above, the LR solution algorithm
works as follows:

1. Set initial values for the multiplier vector #.

2. Solve problem (7) for a fixed value of multiplier vector
# (this is equivalent to evaluate the dual function).

3. Update multiplier vector 6 as stated in Subsection
4.3. The updating objective is to increase the dual
objective function.

4. Check for convergence: if the dual objective function
and the multiplier vector § do not change significantly
in 2 consecutive iterations, stop; otherwise go to 2.



The above mechanism

problem in what follows.

The complicating cons
among areas (either eq
are incorporated into

grange multipliers (equ
decomposes by area p

is applied to the multi-area OPF

traints are the coupling constraints
1ations (3) or equations (4)). They
he objective function through La-
ration (6)). The resulting problem
reserving therefore the dispatching

independence of each area (problem (7)).

A mechanism is required to update the Lagrange multipli-

ers so that the dual pr
This is further develop

Due to the fact that or
vex the procedure desc
timurm of problem (1).
ports this last stateme

blem of problem (1) is maximized.
ed in Subsection 4.3.

iginal problem (1) is “almost” con-
ribed above achieves the actual op-
Extensive numerical analysis sup-
1t.

Potential nonconvexities arise from the modeling of losses

using additional loads

In what follows the pro
a is formulated, and th
is described.

Exporting Area

based on cosine approximations.

blem to be solved by a generic area
e mechanism to update multipliers

Importing Area

Figure 3: Impo

rting and exporting areas.

4.1 Area problem for one fictitious bus

The independent prob
fictitious bus per intert

lem of area « for the case of one
onnecting area has the form:

Minimize EiE{Aa} Jilpi)+
iicE, @ij(2Bij)(8i — bz)

subject to

= Di+ 2 peq, Bik(8k — 6;) (10)

i ——L”C(]_ - COd((Sk — 57))} =0 Vi € {@a},
—Pi; < B;j(8; — §;) < Py

Vi € {@a},Vj € {@)a}yi 76 s

Pi<pi<P; Vie{A.

It should be noted tha

a;; can be interpreted as the buy-

ing / selling price of en¢rgy at the fictitious bus of intercon-

necting line 5. Theref
energy pricing rate fory
once the decompositio

re, the multiplier a;; is the optimal
the energy traded through line ¢j
n procedure has converged. Figure

3 illustrates the economic interpretation of multiplier a;;.
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It should also be noted that a sequential solution of area
subproblems is required. That is, the solution of the sub-
problem of area 2 has to be carried out after solving the
subproblem of area 1, the subproblem of area 3 has to
be solved after solving the subproblem of area 2 and so
on. This is a consequence of considering just one fictitious
bus per interconnecting line because the variables associ-
ated to the fictitious bus sequentially concatenate the area
subproblems.

4.2 Area problem for two fictitious buses

The independent problem of area a for the case of two
fictitious buses per interconnecting line has the form:

i)

Vi € {Oa},

Minimize Z'LE{A } f,(

+
Yijez. Bis (3 (51 -
subject to
=D +Zkeﬂ [Bir(6r — 63)
—Lig(1 = cos(b — 6;))] =
—Pij < Bij(8; — 6;) < Py
Vie {Oa }7VJ €{Ba}. i # 4,
P,<pi<P;  Vie{A}

(1)

It should be noted that area subproblems can be solved in
parallel. That 1s, every area subproblem is solved indepen-
dently. This is a consequence of considering two fictitious
buses per interconnecting line which fully decouples area
subproblems.

4.3 Multipliers updating

In order to solve the dual problem, two multiplier updating
algorithms have been tried: subgradient method [13] and
cutting-plane method [3].

The subgradient algorithm behaved as accurately as the
cutting-plane method while achieving the same level of
precision in smaller computing time. Therefore, results
based on the subgradient algorithm are reported below.

Bundle methods [14, 15, 16] are not used because the sub-
gradient algorithm provides excellent results for this par-
ticular application.

The implemented subgradient algorithm is

g+l — () g (N 5 (12)
Bk
where k) is selected in such a way as
lim ¥ -0 and Zk( (13)

V=00
v=1
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RTS3
BUS 323

BUS 318

BUS 121 |US 217

BUS 123

BUS 215 BUS 23

RTS2 |

RTS1

BUS 113
BUS 203

BUS 108

Figure 4: Power interchange among areas in MW.

and where s is a subgradient and the superindex (v) indi-
cates iteration v.

An usual choice for £*) is as follows

K = 1/(A + Bv), (14)
where A and B are positive constants. This selection meets
condition (13).

If one fictitious bus per interconnecting line is defined. the
subgradient has the form:

s@ =n. (15)
If, on the other hand, two fictitious buses per intercon-
necting line are defined, the subgradient has the form:

s = column(g%'), /1(;/))

(16)

It should be noted that a subgradient vector is readily
available from power mismatches at fictitious buses [3].

5 Case Study

A case study based on the IEEE RT'S [17, 18] is presented.
Three identical RTS systems are interconnected through
5 tie-lines as shown in figure 4. The resulting system [19]
consists of 3 areas, 72 buses, 96 generators, and 119 lines.

Data include (i) quadratic variable cost, maximum out-
put power and minimum output power for each generator;

1.165
1.15 B
1.145»1
Cost
1.14f

1.135¢

1.13+

1125 ' : — ;
0 20 40 80 80 100

lterations

Figure 5: Total cost evolution in US § (one fictitious bus
case).

(i) resistance, subsceptance and maximum transmission
capacity for each line; and (iii) demand in every load bus.

The reported case study was solved in a centralized and
decentralized fashion. Results were identical. The decen-
tralized procedure makes it possible an actual decentral-
ized implementation. The centralized procedure is used
to validate the results obtained through the decentralized
procedure. In what follows. results for the decentralized
analysis are reported. A one fictitious bus per intercon-
nection line approach is used.

Figure 4 shows optimal power interchanges among the 3
RTS areas. Area 1 exports to area 3 and imports from
area 2. area 2 exports to area 1 and imports from area 3.
and area 3 exports to area 2 and imports from area 1.

If no interconnection is operated, total operating cost in-
creases bv 0.02 %.

Figure 5 shows the evolution of total operating cost (the
addition of the operating costs of the subproblems) as a
function of the iteration number. It should be noted that
convergence is smoothly attained. It should also be noted
that this cost does not represent a completely feasible dis-
patch of the system due to interconnecting line flow con-
vergence tolerances (0.1 %).

Figure 6 shows the evolution of the interconnecting line
optimal energy trading prices as a function of the number
of iterations. Convergence is also smoothly attained.

Table 1 provides power flows and optimal energy trading
prices for every interconnecting line once the algorithm
has converged. The numbers of the two buses defining
every interconnecting line are made of three digits. The
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Figure 6: Evolution of|inteconnecting line prices (one ficti-
tious bus case). In all plots, the horizontal axis represents
number of iterations, and the vertical axis represents the
corresponding multiplier value in $/MWh.

first digit indicates area number, and the last two digits
indicate the original RTS bus number.

The subgradient constants for the updating of the multi-
pliers were experimentally fixed to A = 0.5 and B = 0.25.

The model was implemented using the GAMS modeling
system [20] and run pn a SGI R10000 based computer.
The number of required iterations for convergence within
a 0.1% interconnecting line flow tolerance was 100. Total
required computing titne was 18 seconds.

The computing time required by the centralized procedure
is smaller than the one required by the decentralized proce-
dure. However, it shonld be noted that the decomposition
is not oriented to improve computational efficiency but to
preserve dispatching independence.

Interconnecting || Optimal Price | Power Flow
Line [$/MWHh] IMW]
121 - 323 0.8084 98.08
318 - 223 0.8096 80.65
217 - 123 0.8116 39.06
215 - 113 0.8262 53.30
203 - 108 0.8596 02.66

Table 1: Prices and power flows for interconnecting lines
(one fictitious bus case).
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6 Conclusions

This paper presents a multi-area OPF algorithm which
makes it possible the independent dispatch of each area
while achieving a multi-area optimum.

The algorithm is based on the Lagrangian Relaxation de-
composition procedure.

The algorithm is of particular interest in a multi-utility
or multi-country setting where coordination achieves sub-
stantial savings but where dispatching independence has
to be maintained.

A realistic case study based on the IEEE RTS is presented.
Results for decentralized numerical studies are shown. Op-
timal interconnection electric energy trading rates are de-
termined.

Computing time and communication requirements are
minimal.
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