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Incremental Transmission Loss Allocation
Under Pool Dispatch

Francisco D. Galiana, Fellow, IEEE, Antonio J. Conejo, Senior Member, IEEE, and Ivana Kockar

Abstract—Incremental transmission loss analysis has been used
for decades, but recent interest in its application to loss allocation
calls for new in-depth results. This paper demonstrates that, for
incremental methods to be applied correctly in loss allocation, it
is first necessary to specify the load distribution and loss supply
strategies. Incremental loss allocation among bus power injections
is shown to be arbitrary and, therefore, open to challenge as dis-
criminatory. Loss allocation is possible among incremental loads
and/or generators, but the proportion of the total losses assigned
to either one is arbitrary. Unique, nonarbitrary incremental loss
allocations are however possible among the “equivalent” incre-
mental bilateral exchanges between generators and loads. From
these basic components it is possible then to calculate the alloca-
tion among generators or loads in any specified proportion. The
main results, although developed initially for small increments,
are extended to large variations. Finally, a general incremental
loss allocation algorithm is developed and tested.

Index Terms—Equivalent bilateral contracts, incremental trans-
mission loss analysis, loss allocation, loss supply, numerical algo-
rithm, pool dispatch.

I. INTRODUCTION

L OSS allocation is a procedure for subdividing the system
transmission losses into fractions, the costs of which

then become the responsibility of individual users of the
power system (gencos, discos, marketers). Loss allocation
does not affect generation levels or power flows, however it
does modify the distribution of revenues and payments at the
network buses among suppliers and consumers. This step is
necessary whenever, for reasons of computational simplicity,
the base generation dispatch and its clearing price are calculated
through a suboptimal merit-order scheme that initially neglects
transmission losses [1], [2]. The actual generation of losses is
then taken care of by a pre-determined loss supply strategy,
usually in the form of a distributed “slack.”

The loss allocation schemes developed thus far can be cate-
gorized into incremental [3], [4], circuit-based [5], proportional-
sharing [6], [7], pro-rata [8], and miscellaneous approaches for
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bilateral transactions [10]–[12]. In this paper, particular atten-
tion is devoted to incremental methods, already in use in Norway
[13] or under consideration in the U.K. [14] and Spain [15].

Interest in incremental loss allocation is growing, in part, be-
cause it is based on the well-established incremental transmis-
sion loss analysis, an approach known to power engineers for
at least three decades [16], [17]. Its implementation, moreover,
uses algorithms and data consistent with those of the conven-
tional load flow.

The essence of loss allocation by incremental methods is to
expand the system losses through a first order sensitivity with re-
spect to the nodal real power generators and loads. Each term in
the linear expansion then defines that fraction of the incremental
losses allocated to the corresponding incremental generation or
load. Although familiar and straightforward, this paper demon-
strates that unless correctly defined, such methods can lead to
arbitrary loss allocations that can always be challenged as dis-
criminatory. Given the current strong interest in incremental loss
allocation schemes, an in-depth investigation of this subject was
carried out with the following results.

• The incremental allocation of losses among powerinjec-
tions is shown to bearbitrary and its use, therefore, is ar-
guably discriminatory.

• The incremental allocation of losses amongequivalent bi-
lateral exchangesbetween generators and loads is shown
to beuniqueand, therefore, the basis for a valid loss allo-
cation scheme.

• How the unique incremental loss component allocated to
a particular generator/load pair is split between the cor-
responding generator and load is howevernot unique. It
could be 50/50, but other arbitrary proportions are also
possible (e.g., all incremental losses allocated to the loads,
or all to the generators).

• A general purpose incremental loss allocation algorithm
is developed and tested for both small and large variations
in the operating point.

II. DISTINCTION BETWEEN LOSS SUPPLY

AND LOSSALLOCATION

We begin by pointing out the important difference in the
notions of loss supply and loss allocation. Loss supply is the
mechanism by which the system losses are generated when
these are not accounted for by the original suboptimum dispatch
(e.g., merit-order). The loss supply service, whether performed
by one generator (the slack) or by a group of generators
(distributed slack), directly affects generation levels, power
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flows and the system losses themselves. Loss allocation, on
the other hand, does not directly affect any network variables.
The process merely takes the system losses from a power flow
solution and divides them in some “fair” fashion among the
loads and/or generators for purposes of revenue and payment
reconciliation. Thus, a generator that, according to the loss
supply scheme, does not generate losses will still be allocated
a loss component for which the pool must be compensated.
Similarly, a slack generator, even though producing all or part
of the losses, will nevertheless also be allocated responsibility
for a fraction of the system losses.

An interesting observation is that, in optimally dispatched
systems, the loss supply and loss allocation strategies are not
required. Each power generation supplies just the right amount
of demand and losses to maximize global welfare. Similarly,
under optimal power flow, the nodal prices paid by the loads
already account for transmission losses and congestion, and no
additional loss allocation responsibility need be assigned to the
loads.

III. N ON-UNIQUENESS OFLOSSALLOCATION AMONG

INCREMENTAL POWER INJECTIONS

The major difficulty in loss allocation is that, for large
changes in the operating point, the process isalwaysarbitrary.
This is so because the system loss is a nonseparable, nonlinear
function of the real power generations and loads. One justifica-
tion for using incremental loss allocation methods is that, for
small increments, the linear relation between the incremental
system losses and the incremental generation and/or load levels
is separable.

Unfortunately, not every linear incremental loss model yields
a unique set of separable components. To demonstrate this state-
ment, consider first the expansion of the incremental system
losses among the power injections

(1)

where is the sensitivity of the system losses with respect
to the power injection holding all power injections constant
except at the slack bus,, that is,

(2)

The allocation process then divides the incremental losses
in (1) into components defined by

, each component associated with the corresponding in-
cremental power injection. To demonstrate that this separation
is arbitrary, consider the identity

(3)

Let be any scalar. Now, multiply (1) by and (3) by
, and add the two. Then

(4)

As (4) is a valid linear expansion, the incremental loss com-
ponent allocated to the power injection at buscan also be given
by

(5)

By adjusting the free scalar, the allocated loss components,
, can be modified arbitrarily. Thus, if , the slack bus

injection at bus , receives zero loss allocation (since
). If, however, , then bus is allocated zero

losses.
It is therefore concluded thatthe incremental losses cannot

be uniquely decomposed among the bus power injectionsac-
cording to the method of incremental loss analysis. Non-incre-
mental “one-shot” methods have been developed that, attempt
to separate the system losses among the injections [5]–[7]. “One
shot” methods, however, all contain a degree of arbitrariness and
each yields a different allocation.

IV. DISTRIBUTED SLACK LOAD FLOW

Under merit-order dispatch, the pool calculates a set
of load distribution factors, , such that

. The quantity represents the
fraction of the system load supplied by generatoraccording
to the merit-order scheme. Since the coefficients do not
account for transmission losses, the pool also specifies a set
of loss-supply factors, , assigning to each
generator a fraction of the total losses that it must produce to
establish a power balance. The loss-supply factors also satisfy
the condition, . Note that if there is only
one slack generator at bus, then the losses are supplied only
by bus , and all ’s are set to zero except at buswhere

. In this paper it is assumed that both vectorsand
are known and specified by the pool.

From the above discussion, a slightly more general form of
the load flow equations can be formulated. We begin with the
basic power flow balance1 ,

(6)

however, here the generation vector has the form,

(7)

In (6) and (7), and are, respectively, the vectors of the
bus generations and demands, is the vector of real

power injections expressed in terms of the vector of the
phase angles, , while represents the
unknown system losses.

The solution of (6) and (7) can be obtained via a simple ex-
tension of any standard load flow [18]. The key difference is
that a slack generation need not be defined when solving the
distributed slack load flow. Instead, allreal power equations
are used to find the unknowns, namely, and . Equations
(6) and (7) thus model the network behavior under merit-order
dispatch with a specified loss supply scheme.

1To simplify the presentation, all bus voltage magnitudes are assumed known.
The real power injections therefore depend only on the bus voltage phase angles,
�.
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A. Incremental Distributed Slack Load Flow

Assuming now that the load vector varies by a small incre-
ment, , resulting in corresponding changes in all dependent
variables, , and , then from (6) and (7) these incre-
ments must satisfy the incremental distributed slack load flow

(8)

B. Incremental Power Balance Equation

We first recall some fundamental results relating to the incre-
mental behavior of the power flow equations [4]. Note that the
rank of the by Jacobian matrix, , is in gen-
eral , where is the number of buses. Thus, the solution
of (9) yields a single nonzero vector,, of dimension where

(9)

From (9), it is clear that can be determined within a pro-
portionality factor only, however, as will be seen, this arbitrary
factor does not affect the loss allocation schemes derived below.
In order to determine for a given operating point,, one can
solve (9) for the null space of the transpose Jacobian or one can
make use of the classical ITL coefficients [4], [16], that is,

(10)

where is defined by (2). Just as the proportionality con-
stant in does not affect the final loss allocation, the arbitrari-
ness in (10) due to the choice of the slack bus,, also does not
influence the final loss allocation [4].

By multiplying both sides of the load flow equations (8) by
and using (9), the incremental power balance equation can

be obtained

(11)

From (11), the incremental losses can now be found in terms
of the incremental loads only

(12)

V. INCREMENTAL LOSSALLOCATION

A. Incremental Loss Allocation Among Bus Demands

Combining (12) with and
, an expression can be found for the incremental

system losses consisting of the sum ofterms, each uniquely
dependent on a bus load increment,

(13)

From (13) one can therefore assign to each incremental load
the following unique incremental loss component

(14)

The term describes
the sensitivity of the system losses with respect to a change
in the load at bus , given that the load increments and corre-
sponding losses are supplied according to the incremental load
flow (8). Note that in (14) the arbitrary proportionality constant
in the vector is present in both numerator and denominator
and therefore cancels out. A two-bus example is presented in
Appendix A to illustrate the derivation process of incremental
loss allocation components among loads.

It is clear from (13) and (14) that the incremental losses al-
located to the bus loads add up to the total system incremental
losses, . Thus, this particular loss allocation scheme as-
signs all the losses to the loads and nothing to the generators.
This type of allocation is therefore arbitrary in the sense that
the loads are given sole responsibility for the losses. What we
wish to derive next is an allocation strategy among generators
and loads that is unique without requiring that a percentage of
the losses bea priori assigned to one or the other participant.

B. Unique Allocation Among Equivalent Bilateral Power
Exchanges

We begin by recalling that the participation factors add up to
one, , so that the vector of incremental loads can
be written as

(15)

Moreover, can be divided into the sum ofvectors

(16)

where is a unit vector containing a one in locationand
zeroes elsewhere. Thus, combining (15) and (16)

(17)

The scalar can be interpreted as the increment in
the component of bus load supplied by generator. There
exist such equivalent exchanges between all generators and
all loads. In order to express the incremental losses in terms
of these equivalent bilateral exchanges, recall the incremental
power flow, including the loss and load supply strategies

Since and , using (17),
we can rewrite (8) as

(18)

Then, combining (9) and (18)

(19)
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which allows us to expand the incremental losses as aunique
linear combination of components, each attributed to an
equivalent bilateral exchange

(20)

From (20), we can identify the unique incremental loss compo-
nent associated with the equivalent bilateral exchange ,
that is,

(21)

C. Loss Allocation Among Loads or Generators From

The unique equivalent bilateral allocation terms, , add up
to total incremental losses, that is, .
This double sum can also be separated among the generators
only (index ) or among the loads only (index). If all the losses
are allocated to the generators, then the component assigned to
generator, defined here as , is found by summing the loss
components corresponding to the equivalent exchanges between
generator and all loads . Thus,

(22)

Similarly, if the losses are assigned to the loads only, to deter-
mine the incremental loss allocated to load, defined as ,
one adds up all the loss components corresponding to the equiv-
alent exchanges between loadand all generators .
Thus,

(23)

It is relatively straightforward to show that (23) and (14) are
identical.

It would also be possible to divide the total losses in some a
priori proportion among the loads and generators. For example,
if the proportion is , the allocations in (22) and (23) would
each be cut in half.

Thus,it is not possible to uniquely allocate incremental losses
among generators and loads without a priori assigning a pro-
portion of the total losses to each category. It is however pos-
sible to assign a unique incremental loss allocation to the equiv-
alent bilateral exchanges between generators and loads.

VI. L OSSALLOCATION FOR LARGE INCREMENTS

Assume that it is desired to calculate and allocate losses for
a large change in a given load vector,, where the generation
is given by the dispatch strategy defined by the vectorsand
. If the load vector varies with time in a known fashion, ,

then the change in loss allocation over a given load trajectory,
, can be calculated by integrating the pre-

viously calculated incremental loss allocations over time. For

example, from (23), the increment of loss allocated to the load
at bus is

(24)

A similar integral applies to the loss components allocated to
the generators. Note that the load distribution vector, , is
assumed to be time dependent. This is so, since in general, the
merit order dispatch may depend on the system load.

To solve (24) numerically, it is necessary to approximate the
integral by the sum of a large number of steps,, at each of
which a new load flow and a new vector must be calculated.
This approach yields the “exact” change in loss allocation but
is computationally demanding. When a small number of inte-
gration steps is taken, the loss allocation components are only
approximate and do not sum up to the actual system losses. To
correct this imbalance, it is necessary to scale the approximate
loss allocations so that their scaled sum matches the exact losses.

Note also that the integral in (24) provides only a variation,
and not the absolute loss allocation. To obtain an absolute re-
sult, it is necessary to start the integration at a point where the
allocation of losses is already known. In the absence of such
initial information, one can assume the existence of a linear and
uniform load trajectory starting at zero loads. Clearly, when the
loads are zero, so are the losses and the allocations. Thus, if a
vector of loads, , is known but not its time trajectory, to obtain
the allocation of losses using the above integration procedure,
the trajectory assumed is, , at the
end of which the load vector is equal to the specified level.

A. Successful Approximate Large Step Loss Allocation

Experimental results have demonstrated that accurate and fast
loss allocations can be obtained by approximating the loss allo-
cation integrals by as few as one single integration step over the
whole trajectory. The following steps are required.
Let be the approximate loss allocated to loadafter one or
several large integration steps,. Let be theexact losses
calculated via a load flowat the final specified load levels. Then,
as the sum of the does not equal , one can define a new
scaled loss allocation component for load

(25)

Experimental results indicate that, for constant values of vec-
tors and along the whole integration path, the percent al-
location coefficients are practi-
cally independent of the number of integration steps. This means
that with as few as a single integration step, the scaled loss al-
location terms, , are almost indistinguishable from the exact
values defined by (24). As shown in the results, if the vector

varies with system demand, then the error in the approximate
allocations worsens, but remains within acceptable bounds.

B. Uncertainty in the Vectors and

An allocation problem where only a load flow solution is pro-
vided, with no knowledge of either how the losses are supplied
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TABLE I
COMPARISON OFPERCENTAGEVALUES OFLOSSALLOCATION COEFFICIENTS FORVARIOUS NUMBER OFINTEGRATION STEPSWITH CONSTANTm AND �

TABLE II
PERCENTLOSSALLOCATION COEFFICIENTS FORVARIOUS LOSSSUPPLY STRATEGIES

or how the load is distributed among the generators, cannot be
solved by incremental methods. In such cases, “one-shot” al-
location schemes are the only alternative. To use incremental
methods in loss allocation, as a minimum, one should know the
load flow solution together with either the loss supply strategy,
, or the load distribution vector, . Knowing one of the two

vectors then allows us to estimate the other. This estimation is as
follows: Suppose that the load flow solution is known including
the vector of generations, , the system losses, , and the
total demand, . If, in addition, the loss supply vector,, is
known, then since , one can estimate the
load distribution vector as, . Alterna-
tively, if only is known, the loss supply vector can be esti-

mated from, . Both vector estimates
have to be normalized in order to add up to one.

C. Dependence of Vector on System Load

During the process of integration (24) from zero to the final
load values, it is possible for the merit order load distribution
vector, , to vary with the level of system load as new gener-
ators are dispatched and others reach their limit. It is not rea-
sonable then to assume that the final value ofis valid over
the entire load trajectory. In such cases, the integration process
must be broken up into segments inside of which the vector
is constant. These segments are defined by the merit order dis-
patch following well-known methods [16].
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TABLE III
COMPARISON OF PERCENT VALUES OF LOSS ALLOCATION COEFFICIENTS FORVARIOUS NUMBER OF

INTEGRATION STEPSUNDER A “SEGMENTED” I NTEGRATION PATH

VII. CASE STUDIES

The incremental loss allocation method was tested on a
number of networks. We present here the results for a slightly
modified IEEE 14 bus network, with an additional generator at
bus 8. The numerical data and one-line diagram of the study
network are given in Appendix B.

Table I shows a comparison of the percent loss allocation co-
efficients calculated for one, ten, and 100 integration steps as-
suming constant and vectors. Two percent loss allocation
coefficients are presented, , with the losses entirely allocated
to the generators, and , with the losses entirely allocated to
the loads. Also, in Table I, the loss supply vector,, is such
that only the generator at bus 1 supplies system losses. Finally,
the estimated (calculated through the integration process) and
“exact” values (from load flow solution) of the system losses are
shown. As Table I indicates, the differences between the exact
and estimated values of system losses can be quite significant
and highly depend on the number of integration steps. How-
ever, the percentage values of the loss allocation coefficients are
nearly independent of the number of steps. This powerful result
reveals that the proposed incremental method can be applied to
large variations in operating point without significant loss of ac-
curacy with only a single integration step and knowledge of the
exact .

Table II presents the percent values of the loss allocation co-
efficients for three different strategies of loss supply

1) when bus 2 supplies the losses;
2) when bus 8 supplies the losses;
3) when the losses are distributed among all generators in

proportion to their outputs, that is, .

For lack of space, only the loss allocation among the generators
is presented in this table. In all cases the value ofis the same
as in Table I. The slight change in the percent values of the loss
coefficients among the given cases is due to different operating

points created by the varying loss supply vector. This, therefore,
leads to slightly different load flows and system losses. It is in-
teresting to note also that although the generation levels may
change quite significantly whenchanges, the percent and ab-
solute loss allocations remain relatively unchanged.

Results for the case when the integration path is split into
segments, each segment having a different vector, are shown
in Table III. In this example, three segments are defined:

1) for pu, in which segment only the generator at
bus 1 is dispatched;

2) for pu, in which generators 1 and 2 share
the load in the proportions of 55% for G1 and 45% for
G2;

3) for pu, in which the third generator (at bus 8)
is also dispatched.

The final dispatch proportions defining the vector are as
given in Table III. Although the final load flow solution for the
examples of Tables I and III are identical, in the case of a seg-
mented , more integration steps are needed to accurately esti-
mate the percent loss allocation coefficients and . Still,
even in this segmented case, the difference between one and
100 integration steps is relatively small, with the exception of a
few buses where the loss allocation is not large, as in bus 2.

VIII. C ONCLUSION

Although incremental transmission loss analysis has been in
use for several decades, recent interest in its application to loss
allocation calls for new rigorous results dictating the conditions
under which the allocated losses are unique and nondiscrimina-
tory. Thus, it is shown that incremental loss allocation among
bus power injections is arbitrary and therefore cannot be used
to allocate losses in a nondiscriminatory manner. Mathemat-
ical formulae are developed showing that unique incremental
loss allocations are possible for equivalent incremental power
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exchanges between generators and loads. Unique allocations
among individual bus loads or bus generators are also possible,
but it is necessary to specify a priori in which proportion the
losses are to be divided among the two. It is also shown that in-
cremental loss allocation requires the specification of two vector
quantities, the loss supply and the load distribution parameters.
One of these can be left unspecified and estimated, provided
that a load flow solution is also known. The allocation algo-
rithms developed and tested show that incremental methods can
be applied to large changes in operating point with little loss of
accuracy if use is made of loss allocation parameters expressed
as a percentage of the exact system losses.

APPENDIX A

To clarify the derivation of the incremental loss allocation
components, an illustrative two-bus example is presented here.
The line and load data are shown in Fig. 1. The vector of load
distribution factors is, while the vector of loss-
supply factors is . The load flow equations are

(A.1)

(A.2)

Thus, (8) becomes

(A.3)

Equation (9) takes the form

(A.4)

Clearly, the vector is not unique, but can be determined within
a proportionality factor. In order to solve (A.4), we write the
power injections

(A.5)

from which

(A.6)

Now, (13) becomes

(A.7)

Substituting (A.6) into (A.4) gives the unique proportionality
factor between the elements of the vector

(A.8)

Fig. 1. Two-bus example system.

Fig. 2. One-line diagram for the 14-bus network. Active and reactive power
demands and generations at every bus are given in MW and MVAr, respectively.

which, when further substituted in (A.7) gives the unique incre-
mental loss allocation among the bus demands [as shown in (13)
and (14)], that is,

(A.9)

A similar analysis can be conducted for loss allocation among
equivalent power exchanges.

APPENDIX B

Fig. 2 provides the one-line diagram of the 14-bus system
used for the simulations. The active and reactive load demands
are specified (MW, MVAr) in the figure underneath the load
symbols. Line data for the 14-bus system are given in Table IV.
All bus voltage magnitudes are set to one per unit.
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TABLE IV
LINE DATA FOR THE 14-BUS NETWORK USED IN THE CASE STUDIES
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