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Absfract - This paper addresses the short-term hydro-
thermal coordination problem. This problem is large-
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using a Lagrangian Re

It is usually solved
laxation approach. In the frame-

work of the Lagrangian Relaxation, this paper provides

a novel, non-oscillating
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and efficient multiplier updating
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previously reported prpcedures such us subgradient and
bundle methods. A realfistic large-scale case study is used
to illustrate the behavipr of the proposed procedure.
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subproblem per thermal plant and one subproblem per hy-
droelectric system. This decomposition allows a precise
modeling of the generation system resulting in a very ac-
curate solution technique.

Instead of solving the original problem, the LR technique
solves its dual problem. The difference between the ob-
jective function optimal values for the primal and dual
problems is called the duality gap. In most practical cases
the duality gap is below 0.1%. As a byproduct of the solu-
tion of the dual problem a solution for the primal problem
is obtained. However, more often than not, this primal
solution is infeasible. Heuristic procedures are required to
get a feasible primal solution.

The LR technique consists of the three phases below:

Phase 1. To solve the dual problem.
Phase 2. To obtain a primal feasible solution.

Phase 3. To exactly dispatch committed generation to
meet the demand.

Phase 2 is easily accomplished as stated in most previous
LR works [2, 4]. Heuristic techniques are successfully ap-
plied to obtain a primal feasible solution, i.e. a primal
feasible set of commitment decisios. Phase 3 is a multi-
period economic dispatch whose solution is well stated in
the technical literature [13].

However, Phase 1 requires the solution of a non-
differentiable maximization problem which is not an easy
task. The procedures reported in the literature to solve
this type of problems are either oscillating or computa-
tionally inefficient, or both, oscillating and computation-
ally inefficient.

This paper focuses on Phase 1. It provides a solution tech-
nique which is non-oscillating, computationally efficient
and which does not rely on “messy” heuristics.

The most commonly used technique to address Phase 1 is
the subgradient [2, 4, 5, 6] which is computationally inef-
ficient, and produces oscillating solutions which makes it
complicated to define appropriate stopping criteria. The
cutting plane technique [14], under mild assumptions, con-
verges to the optimum but makes it very slowly. The re-
cently proposed primal bundle method [15, 16] is a cutting
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plane method whose objective function has been penal-
ized to control the path to the optimum. This penalty
technique is complicated and requires careful tune-up of
penalty parameters to be efficient. The required tune-up

is problem-dependent and difficult to implement. The dual .

bundle method [16, 17] exhibits the same type of problerms
as the primal bundle method. However, it is a less elab-
orated procedure than the primal one. It is close to the
subgradient method, and therefore it is prone to oscilla-
tions. The techmque proposed in this paper is a cutting
plane method which mcorporates adaptive control over
the feasible region. This is easily accomplished because
the feasibility region is simple: just bounds on multipliers.
This adaptive control can be performed without involved
parameter tune-up, resulting in a non-oscillating, compu-
tationally efficient algorithm.

In the framework of de-regulated electric energy markets,
the LR technique has a well known and simple yet elegant
economic interpretation (see, for instance, [18]) which is
described below. Hourly energy price proposals are speci-
fied by the market operator for the planning horizon (e.g.
the 168 hours of one week). Each generator schedules in-
dependently its production along the planning horizon to
maximize its benefit. Analogously, each hydroelectric sys-
tem is scheduled so that its benefit is maximum. After
the submission of production proposals by all generators
the power balance equation is evaluated in each hour. Ex-
cess of committed power will occur in some hours, whereas
deficit will occur in some other hours. Hourly prices are
updated by the market operator and the previous proce-
dure repeated until the demand is satisfied. The above
mechanism constitutes a competitive energy market. Sim-
ilarly, a spinning reserve market can be established.

The price updating or multiplier updating is in fact a so-
lution procedure for the dual problem. If multipliers are
updated proportionally to the power mismatch, the sub-
gradient technique is obtained. If the updating procedure
keeps track of the information of all steps to reconstruct
total cost as a function of multiplier values, the cutting
plane method is obtained. By proper modification of the
objective function of the problem to be solved when using
the eutting plane technique; the bundle method is derived.
And finally, by proper adaptive modification of the feasi-
bility region of the problem to be solved when using the
cuttmg plane technique, the method proposed in this pa-
per is derived.

This paper is organized as follows. Section 2 gives a formu-
lation of the short-term hydro-thermal coordination prob-
lem. Section 3 provides a novel approach to update the
multipliers in the framework of a LR solution procedure.
This updating procedure is compared with previous pro-
cedures. Section 4 includes two case studies. The first one
is designed to compare the behavior of the different proce-
dures to update multipliers, the second one is a large-scale
case study based on the electric energy system of mainland
Spain. Section 5 provides conclusions.

2 Problem formulation

The short-term hydro-thermal coordination problem can

be formulated as follows:

Minimize(, .y

f@) =32 filws) M

subject to
sj(y;) <0 Vi )
9(z,v) = G = 32, 06(2a) — 22, 95(vs) <0 (4)
)

h(z,y) = H = 3 hi(z) = 32 hy(y;) =0 (5

where (z,y) = (z4,y;; Vi,Vj), variables z; are the vari-
ables related to thermal plant i, and y; are the variables
related to the hydroelectric system J- G, gizi), 95(y;),
H, hi(z;) and h;(y;) are vectors of dimension equal to the
number of subperiods in the planning horizon.

Equation (1) is the production cost to be minimized, equa-
tions (2) are the constraints related to every thermal unit,
equations (3) are the constraints related to every hydro-
electric system, equation (4) enforces spinning reserve con-
straints, and equation ( ) enforces demand constraints. It
should be noted that time is embedded in the above for-
mulation.

Equations (4) and (5) are global constraints which couple
together thermal-related and hydro-related variables.

Problem (1)-(5) is denominated the primal problem (PP).

Global constraints are incorporated in the objective func-
tion of the primal problem through Lagrangian multipliers
to obtain the Lagrangian function:

L(z,y, A, p) =
zmm+ﬂ@_gmmpzﬂmﬂ
T [G ~ Y gilz) = 3, gj(yj)] . (6)

where A and u are vectors of dimension equal to the num-
ber of subperiods in the planning horizon. The dual prob-
lem (DP) of the original primal problem (1)-(5) has the
form

Maximize(y uy ¢(A, 1) (7)

subject to  p >0 - (8)
where )

(6) = 9\ u) = 2TH + 57 G +d(3, p), )

where 6 = (X, p), and d(), p) is the solution of the decom-
posed primal problem (DPP) stated below

Minimize (z.4)
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subject to
s:(z;) <0 Vi (11)
sj(y;) <0 V3. (12)
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3 Multiplier updating

The column vector of c

nstraint mismatches at iteration

v constitutes a subgradignt as stated in [14], i.e.

s = column|h (a:("), 1

is a subgradient vector which is used below.
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[20]. However, it retains the same drawbacks as the origi-
nal subgradient procedure.

3.2 Cutting plane method (CP)

The updated multiplier vector is obtained solving the lin-
ear programming problem below.

(20)
(21)

Maximize, gec z
subject to 2 < ¢(®) + sMT (g — g(k))
k= ]_’ e,V

where C is a convex and compact set. It is made up of the
ranges of variation of the multipliers, i.e. C = {§,§ <8 <

7).

It should be noted that equation (21) represents a half-
space (hyperplane) on the multiplier space.

It should also be noted that the number of constraints of
the problem above grows with the number of iterations.

The above problem (20)-(21) is a relaxed dual problem
which gets closer to the actual dual problem as the number
of iterations grows.

The CP method achieves a dual optimurmn by “reconstruct-
ing” the dual function. It reconstructs the region of inter-
est as well as other regions of no interest. This reconstruc-
tion is computationally expensive and therefore the CP
method computational burden is high.

This algorithm is typically stopped when the multiplier
vector difference between two consecutive iterations is be-
low a pre-specified threshold.

3.3 Bundle method (BD)

The updated multiplier vector is obtained solving the re-
laxed dual quadratic programming problem below.

z—a®pg - 0k)2 (22)

(23)

Maximize, gec

subject to 2 < ¢(F) + s(k)T(O ~ (k)
k=1,---,v

where a is a penalty parameter and ©, the “center of grav-
ity”, is a vector of multipliers centered in the feasibility
region so that oscillations are avoided [15].

It should be noted that the number of constraints of the
problem above grows with the number of iterations.

The BD method is a CP method in which the ascent proce-
dure is constrained by an objective function penalty. The
target is to center the CP method in the region of interest.
However, in order to do this, it is necessary to carefully
tune-up the penalty and other parameters [15, 16]. This
tune-up is problem dependent and hard to achieve.

This algorithm is typically stopped when the multiplier
vector difference between two consecutive iterations is be-
low a pre-specified threshold.

3.4 Dynamically constrained cutting plane method

(DC-CP)

The updated multiplier vector is obtained solving the re-
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laxed dual linear programming problem below.

(24)
(25)

Maximize, gcc) 2
subject to  z < ¢®) 5T (5 — p(k))

k=1, ,nmn<n

where 7 is the maximum number of constraints considered
when solving the problem above, and C*) is a dynamically
updated set defining the feasibility region for the multipli-
ers.

When the number of iterations is larger than the specified
maximum number of constraints, the excess constraints
are eliminated as stated below.

At iteration v the difference between every hyperplane
evaluated at the current multiplier vector and the actual
value of the objective function for the current multiplier
vector (residual) is computed as

= 0@ 4 sOT (90 —g®) _ 400 wi=1 ... n. (26)

As soon as n is larger than 7, the “most distant” hyper-
planes are not considered, so that the number of hyper-
planes is kept constant and equal to @. It should be noted
that the residual ¢; is always positive because the cutting
plane reconstruction of the dual function overestimates the
actual dual function. This technique to limit the number
of hyperplanes considered has proved to be computation-
ally effective. :

The dynamic updating of the set C™), the feasibility region

of the multipliers, is performed as stated below. Let 01('/)
be the ¢ component of the multiplier vector at iteration v.

1t 92(") = 55—” then

§Eu+l) = .O_EU)(I +a), and

o =57 (1- ).

Else if HEU) = Q,EU) then

B~ g1+ ¢), and

+1
ot = (1 - a) .

Overlining indicates upper bound and underlining stands
for lower bound. The parameters a, b, ¢ and d allow to
enlarge and shrink the feasibility region of the multiplier
vector, i.e. the convex and compact set C. This is effi-
ciently accomplished because the above updating proce-
dure is simple.

The DC-CP method is a CP method in which the ascent
procedure is dynamically constrained by enlarging and
shrinking the feasibility region on a coordinate bases. This
is possible because the feasibility region is simple: bounds
on every multiplier. Through this enlarging/shrinking pro-
cedure it is possible to center the algorithm in the area

14 I

Figure 1: Upper and lower bounds for the primal and dual
optima, and upper bound for the duality gap.

of interest which results in high efficiency. The enlarg-
ing/shrinking procedure is not problem-dependent and in-
volves straightforward heuristics (see the simple updating
procedure above).

This algorithm is typically stopped when the multiplier
vector difference between two consecutive iterations is be-
low a pre-specified threshold. - A small enough difference
between an upper bound and a lower bound of the dual op-
timum is also an appropriate stopping criterion (see Sub-
section 3.5).

3.5 Duality gap

When using the CP method or the DC-CP method, at ev-
ery iteration, the objective function value of the relaxed
dual problem (problem (20)-(21) or problem (24)-(25))
constitutes an upper bound of the optimal dual cost value.
This is so because the piecewise linear reconstruction of
the dual function overestimates the actual dual function.
On the other hand, the objective function value of the
dual problem (evaluated through the decomposed primal
problem using equation (9)) provides at every iteration a
lower bound of the optimal dual cost value. This can be
mathematically stated as follows:

2 > ¢ > ) @7)

where z(*) is the objective function value of the relaxed
dual problem at iteration v, ¢* is the optimal dual cost

T
value, and ¢®) = AMTH 4+ 4,00 ¢ + d(0®, 1)) is the
objective function value of the dual problem at iteration
v. :

The size of the per unit gap ¢ = (2 —¢®))/¢™) is an
appropriate per unit cost criterion to stop the search for
the dual optimum. Phase 2 converts heuristically the typi-
cally primal infeasible solution provided by the dual prob-
lem to a primal reserve feasible solution. This typically
originates a decrement in the objective function value, so

that

$ < o™ (28)

-where ¢ is the objective function value for the primal re-

serve feasible solution (Phase 2), and ¢®) the objective
function value of the dual problem at the last iteration
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Number Total
Model DPC || ¢®@ | iterations | CPU
[MPta] || [%] Phase 1 time
[p-u]
SG 151.002 - 4000 49.609
CP 150.853 || 0.087 59 1.378
BD 150.880 || 0.085 65 1.378
DC-CP | 150.882 || 0.079 49 1.000

Table 1: Cost, gap, num
per unit (normalizing fa
example

4 Case Studies
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testing example whose |
gence properties of the
dual problem described
zon for the second case

iber of iterations and CPU time in
ctor: 6.322 seconds) for the testing

Myzed. The first one is a six period
purpose is to compare the conver-
four methods of solution for the
in Section 3. The planning hori-
is 48 periods. This is a realistic
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large-scale case study.

In both case studies the generating system is based on the
electric energy system of mainland Spain. It consists of
60 thermal plants and 30 hydraulic plants in one complex
hydroelectric system.

Total cost is the sum of production cost, start-up cost
and shut-down cost for all thermal units in all periods.
The production cost of every thermal plant is considered
a quadratic function of the output power. The start-up
and shut-down costs of every thermal plant are considered
constant. Ramp rate limits, minimum up time and min-
imum down time constraints are enforced. Hydro power
of each hydroelectric unit is modeled as a piecewise linear
function of water discharge. )

Although the number of constraints of the relaxed dual
problem for the CP and BD methods reported in the liter-
ature grows with the number of iterations, for the sake of
comparison the CP and BD methods implemented main-
tain a pre-specified maximum number of constraints. The
procedure used to keep limited the number of constraints
is explained in Subsection 3.4.

The reported CPU time refers to a SUN ULTRASPARC
2 workstation with 128 MB of RAM.

Testing Example

Model DPC PPC g
[MPta) [MPta) (%)
CP 1215.851 | 1215.374 | 0.105
BD 1215.809 | 1214.454 | 0.112
DC-CP | 1215.973 | 1214.671 | 0.094

Table 2: Costs and gaps for the large-scale case study

Figure 2 shows the results of Phase 1. Figure 2a is a plot of
the cost of the dual problem when the SG method is used
to solve Phase 1. Figures 2b, 2c¢ and 2d include a plot of
the cost of the dual problem and a plot of the variable z
used in the relaxed dual problem for the CP, BD and DC-
CP methods respectively. It should be noted that vertical
axis scales are different for the three plots of Figure 2, and
that the horizontal axis scale of plot of Figure 2a is dif-
ferent from the horizontal axis scales of the other plots of
Figure 2. The above axis scale differences are introduced
to enhance clarity. For CP and BD methods the solution
oscillates largely in the first few iterations. In order to
better appreciate the evolution of these methods, figures
1b and 1c include the cost of the dual problem and the
value of z starting from iteration number 3. The solutions
of the dual problem for all the methods implemented are
reserve feasible primal solutions and therefore, Phase 2 is
skipped. Table 1 shows, for the four methods of solution of
Phase 1 described in Section 3, the cost of the dual prob-
lem (DPC) in millions of pesetas (Pta, 1 US$ ~ 145 Pta),
the size of the gap g (except for the SG method where

it is not defined) where ¥ is the last iteration of Phase 1
(Subsection 3.5), the number of iterations needed to solve
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Phase ! and the required CPU time normalized with re-
spect to the total CPU time in seconds required by the
DC-CP method, Total CPU time for the DC-CP method
is 6.322 seconds.

Figure 3a: CP Method
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Figure 3: Phase I for the large-scale case study

The SG method shows slow convergence. The number of
iterations needed to solve Phase 1 is much larger than the
number of iterations required by any of the other three
methods. In terms of CPU time the SG method is the
most inefficient method to solve Phase 1 and therefore
it will not be used in the realistic large-scale case study
presented below. If good initial values for the multipliers
are available and careful tune-up of the subgradient step
size is performed, the SG method may show better com-
putational behaviour than the one shown in the previous
testing example

Large-Scale Case Study

Figures 3a, 3b and 3c show respectively the results when
the CP, BD and DC-CP methods are used to solve Phase
1. These figures provide similar information than the one
provided by figures 2b, 2¢ and 2d respectively. [t should be
noted that vertical axis scales are different for the plots of
Figure 3. Figures 3a and 3b include the evolution of cost
starting from iteration number 3. Table 2 presents the
cost of the dual problem (DPC) and the cost of the primal
reserve feasible solution (PPC), both in millions of pesetas
(Pta), and the the size of the gap ). Table 3 shows the
number of iterations to solve Phase { and the required
normalized CPU time. Total CPU time for the DC-CP
method is 11088 seconds. Most of this time {around 90
% for the CP and DC-CP methods and 78 % for the BD
method) is used to solve cemplex hydro subproblems.

From the above results, it can be concluded that the
DC-CP method is a very competive method of solution
" for the dual problem.

5 Conclusions

The objective of the short-term hydro-thermal coordina-
tion problem is to determine the scheduling and produc-
tion of every hydro and thermal plant of an electric energy
system so that the customer demand is supplied at mini-
mum cost and a certain level of security, and all constraints
related to the thermal and hydro subsysterus are satisfied.

The most effective approach to solve this problem is La-
grangian Relaxation. This approach requires the solu-
tion of the dual problem of the original short-term hydro-
thermal coordination problem.

This paper focuses on the updating procedure of La-
grangian multipliers which is the mechanism to solve the
dual problem. A novel, non-oscillating, and computation-
ally efficient procedure is presented. It outperforms previ-
ous approaches such as subgradient and bundle methods.
Extensive computational results based on the electric en-
ergy system of mainland Spain are presented.

Number CPU CPU Total

Model iterations time time CPU
Phase I [p.u.] {p.ul time

Phase 1 | Phase 2 | [p.u}

cp 1492 1.188 0.001 1.191
BD 1503 1.431 0.002 1.436
DC-CP 1280 0.995 0.002 | 1.000

Table 3: Number of iterations to solve the dual problem
and required CPU time for Phase I and Phase 2, in per
unit (normalizing factor: 11088 seconds), for the large-scale
case study '
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