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Abstract—This paper analyzes the market-clearing formulation
with stochastic security developed in its companion paper through
two case studies solved using mixed-integer linear programming
techniques. The generation and reserve schedules as well as the
nodal prices of energy and security are assessed under various con-
ditions such as a) line flow limits, b) when nonspinning reserve is
excluded from the formulation, c) demand-side valuation of energy
not served, d) generator ramping limits, and e) the set of pre-se-
lected contingencies.

Index Terms—Computational complexity, electricity markets,
expected load not served, marginal pricing, mixed-integer linear
programming, reserve, security, stochastic unit commitment,
value of lost load.

NOMENCLATURE

For a listing of the symbols used here, we refer the reader to
the companion paper [1].

I. INTRODUCTION

THIS paper analyzes the market-clearing formulation with
stochastic security developed in its companion paper [1]

through two case studies solved using mixed-integer linear pro-
gramming techniques.

In Section II, a three-bus, three-line, three-generator system
scheduled over a four-hour horizon is studied in depth. This case
is simple enough so that the correctness of the results can be
readily verified, yet it conveys many interesting features of the
proposed market-clearing formulation. Thus, in this case, we
examine the effects of a) line flow limits, b) opportunity cost of
excluding nonspinning reserve in the formulation, c) demand-
side valuation of energy not served, d) ramping limits, and e)
the pre-selected set of contingencies. Furthermore, we derive
and assess the nodal prices of energy and security.

In Section III, the IEEE Reliability Test System (IEEE RTS)
[2] is scheduled over a 24-h horizon. This case brings out some
of the dimensionality issues of the proposed scheme.
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Fig. 1. Three-bus, three-line, three-generator power system.

TABLE I
HOURLY DEMAND PROFILE AT BUS 3 (MW)

TABLE II
GENERATOR DATA

II. SMALL-SCALE STUDY

This case study analyzes the scheduling of the power system
in Fig. 1 over four consecutive hours. The three lines have iden-
tical admittance, maximum power carrying capacity of 55 MW,
and mean time to failure of 10 000 h.

An inelastic demand is located at bus 3 and varies hour by
hour according to the pattern detailed in Table I. In addition,
the consumer at bus 3 offers up to 10% of the hourly load as
spinning reserve services (both up- and down-going) at the rate
of $20 per megawatthour. We assume as well that this con-
sumer values involuntary loss-of-load at the rate of $1000 per
megawatthour during all four hours.

The generating unit data are found in Table II. The energy and
reserve offers of the generators remain unchanged for all hours
of the scheduling horizon. In this example, the generators do
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not incur fixed operating costs other than the startup costs .
Each generator offers a single block of energy ranging between
its technical minimum and maximum at the rate of
dollars per megawatthour. Likewise, the bounds on the amounts
of reserve services offered are set to be the largest possible, in
other words, the upper bound on up and down spinning reserve
is and for nonspinning reserves it is equal to .
The generation-side reserve services are offered at rates, in dol-
lars per megawatthour, shown in Table II as for up-going
spinning reserve, for down-going spinning reserve, for
up-going nonspinning reserve, and for down-going non-
spinning reserve. Finally, the last row of Table II lists the mean
times to failure ( ) of each of the generators.

In this example, for the sake of simplicity, the generator min-
imum up and down time constraints are assumed to be inactive,
and their ramping capabilities are set to megawatts per
hour, in other words, the maximum generation capacity. Finally,
we assume that all three generators are in the off state at time

.
The set of pre-selected contingencies characterizing the

security criterion comprise all single generator and line out-
ages. We use the indexes to represent the failure
of generators 1, 2, and 3, respectively, while
index the failure of lines 1, 2, and 3, respectively; each of these
six contingencies can occur in any of the four hours of the
scheduling horizon. Notice that the contingency
scenarios characterizing the security criterion in this problem
are relatively few compared to all possible contingency sce-
narios. The latter is defined by all combinations of generator
and line outages over all possible times of occurrence, in-
cluding nonsimultaneous failures, which in this example equals

.
For the given data, the stochastic market-clearing formu-

lation is already in linear form. It was solved using CPLEX
9.0.0, a mixed-integer linear programming solver under GAMS
[3]. Computation times were all less than one second on a PC
equipped with a 1.80-MHz Pentium 4 processor and 512 MB
of RAM.

A. Results and Analysis

Tables III and IV summarize the key features of the optimal
schedule obtained. Table III gives the breakdown of the corre-
sponding expected cost. Not surprisingly, the component cor-
responding to the expected operating cost under no contingen-
cies is dominant with 95.01% of the total amount. What re-
mains are the expected costs incurred following the occurrence
of the pre-selected contingencies, an amount split between the
expected cost of deploying the reserves by re-dispatching and
turning on generators (3.30% of the total) and the expected cost
incurred by the consumers due to involuntary load shedding
(1.69% of the total).

This breakdown is consistent with the probability level that
none of the pre-selected contingencies occurs, ,
an amount which is close to its associated expected cost
proportion (95.01%). Likewise, the expected costs’ percent-
ages associated with reserve deployment and load shedding
( ) are of the same order of magnitude

TABLE III
BREAKDOWN OF EXPECTED COSTS

TABLE IV
POWER (MW), RESERVES (MW), AND ELNS (MWH)

as the sum of the probabilities of the contingency scenarios
.

Table IV outlines the optimal generation and reserve
schedules of the generators as well as the demand reserve
contributions. Generator 3, being incrementally the cheapest
($20/MWh), supplies power during all the four hours but does
not provide any reserve. Generator 1, being the next cheapest
unit ($30/MWh), picks up the residual demand during the peak
periods 2 and 3. In addition, generator 1 provides nonspinning
up reserve during hour 4, up-spinning reserve during period
2, and down-spinning reserve during period 3. Generator 2,
costing $40/MWh, is never turned on but provides nonspinning
reserve during periods 2 and 3. The load at bus 3 does not
provide any voluntary reserve; however, as seen in the last row
of Table IV, the optimum market-clearing schedule calls for
some involuntary load shedding during periods 1 and 3. We also
observe from the table that due to the high value of lost load
($1000/MWh), the ELNS at bus 3 over the horizon is relatively
low, equaling 0.1221 MWh, or 0.05% of the 260 MWh of
energy consumed over the four hours.

What makes this last result particularly interesting is that in
spite of its high cost, the market-clearing solution still calls for
some amount of load shedding. This brings out the essence of
stochastic security, which considers simultaneously the credi-
bility and severity of the contingencies making up the security
criterion.
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Fig. 2. Effect of the outage of line 2 (k = 5) during period t = 3 if it occurs
during � 2 f1; 2; 3g.

Next, referring to Table IV, we analyze in detail how reserve
levels are set during each time period and particularly how and
why load is shed under the stochastic market-clearing solution.

Period : We observe, perhaps surprisingly, that during
this period, no reserve is scheduled, and, as a consequence, the
loss of generator 3 would not be covered. This result is unique to
the stochastic market-clearing approach, reflecting the fact that
the loss of generator 3 has both a low probability and a low im-
pact in light of the relative expected costs of reserve deployment
and load shedding. In fact, this contingency would be covered
only if the value of lost load were raised over $1171/MWh for
that hour. The loss of the other generators or lines do not cause
loss-of-load during period 1.

Period : The loss of generator 1 occurring during the
periods is covered by the 30 MW of nonspinning up
reserve provided by generator 2. Likewise, the loss of generator
3 is covered by the 20 MW of up-spinning reserve of generator 1
and the 30 MW of nonspinning reserve of generator 2. None of
the line losses occurring during cause loss-of-load.

Period : The loss of generator 1 during one of
is fully covered by the nonspinning up reserve provided

by generator 2 (60 MW). When generator 3 is lost during one
of , generator 1 needs to back down by 5 MW (ex-
plaining its provision of 5 MW of down-spinning reserve), while
generator 2 turns on to provide 55 MW from its nonspinning re-
serve up provision. Thus, the involuntary load loss associated
with this contingency is nil during that hour. This post-contin-
gency dispatch maximizes the use of the transmission network
to minimize the amount of load shed at bus 3. If generator 1
were to keep producing at the pre-contingency level of 60 MW,
then generator 2 would only be able to deliver 45 MW because
of the line flow limits of 55 MW. This situation would lead to a
loss-of-load of 5 MWh at bus 3.

All the line outages occurring during one of lead
to load shedding of 5 MWh during that hour because the low
probabilities and the low expected impacts associated with these
events do not warrant that they be fully covered with reserve.
Fig. 2 shows an example of how reserves are deployed after the
loss of line 2. Here generator 1 needs to back down by 5 MW to
comply with the line flow limitations, with generator 2 staying
off and generator 3 operating at 50 MW.

Period : The loss of generator 3 during either
is covered by the 40 MW of up-going nonspinning

TABLE V
POWER AND RESERVES (MW)—DETERMINISTIC

reserve provided by generator 1. None of the single line out-
ages occurring during one of create loss-of-
load. Likewise, outages affecting generator 1 or 2 do not cause
loss-of-load.

B. Stochastic Versus Deterministic Schedules

It is of interest to compare the results obtained with the sto-
chastic approach to those of a purely deterministic security-con-
strained schedule where load shedding is not permitted. Table V
shows that in the deterministic case, generator 1 gets to provide
an extra 30 MW of up-going nonspinning reserve during the first
hour to cover the loss of generator 3. Moreover, during period

, the load is scheduled to provide 5 MW of up-going spin-
ning (voluntary) reserve to cover the losses of lines. Note as well
that this 5 MW is used following the outage of generator 1 or
3 occurring during . This explains why generator
2 provides 55 MW of up-going nonspinning reserve during pe-
riod instead of the 60 MW seen in Table IV. Therefore,
the loss of generator 1 (60 MW), for instance, would be compen-
sated by 55 MW coming from generator 2 added to the 5 MW
from the voluntary reduction in demand at bus 3. However, we
must point out that the cost incurred to schedule these 5 MW of
demand-side reserve during ($100) is much higher than
the expected cost of load shedding ($4.40) given the value of
lost load ($1000/MWh) and the outage probabilities.

Table VI compares the breakdown of the expected cost of
the stochastic schedule to the expected cost of the deterministic
schedule, given by the expression

(1)

In this relation is the optimal cost of the deterministic
schedule, and are the reserve deployment costs
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TABLE VI
COMPARISON OF EXPECTED COSTS ($)—DETERMINISTIC VERSUS STOCHASTIC

associated with the contingency scenarios being considered.
The term denotes the expected cost incurred in the event
that no contingencies occur, while the terms
correspond to the expected costs incurred when deploying
the reserves under contingency scenario . Table VI
demonstrates that the “Pre-contingency” and the “Reserve
deployment” expected costs of the stochastic schedule are
lower than those associated with the deterministic schedule.
However, the expected costs associated with load shedding
in the stochastic schedule diminishes these gains. The effi-
ciency gain of the stochastic programming solution versus
that of the deterministic solution is known as the value of
the stochastic solution (VSS) [4], which, in this case, equals

. This result illustrates
that when one considers the probabilities of failure, it is pos-
sible to pre-position the system more economically, while still
achieving a high level of security on the average.

C. Prices of Energy and Security

In addition to the market-clearing procedure defined in the
companion paper, it is also necessary to specify a set of pricing
rules such as locational marginal pricing [5], which has gained
industry acceptance and is now widely used [6].

Recent research on security-constrained electricity market-
clearing problems [7] argues further that all the reserve ser-
vices supplied at a bus should be priced at the corresponding
nodal marginal cost of security. The core argument in favor of
a single per-bus price for all reserve services stems from the
fact that in ensuring the security of the energy supply, all the
reserve services act in a concerted manner. In this paper, we use
the marginal pricing rules of [7] summarized in the Appendix.
This proposition contrasts with current practices in which dif-
ferent reserve services—up/down and spinning/nonspinning re-
serves—are priced at different marginal rates [8]–[11].

The first three rows of Tables VII and VIII list the nodal prices
of security and energy for the stochastic formulation schedule.
We observe the presence of nodal price differences during the
third period as a consequence of line congestion following the
random failure of any one of the lines.

It is also of interest to compare the nodal prices between
the deterministic and stochastic market-clearing formulations.
Note, however, that this comparison cannot be readily done
because the sets of prices corresponding to the deterministic
market-clearing would be derived from an optimization problem
with a different objective function. Thus, to unbias the compar-
ison, we computed the corresponding deterministic prices of
security and energy from the expected cost of the deterministic
schedule (1) from small perturbations of the power balance

TABLE VII
PRICES OF SECURITY ($/MWH)

TABLE VIII
PRICES OF ENERGY ($/MWH)

relations in the deterministic formulation. That is, the nodal
prices of energy for the deterministic schedule in Table VIII are
equal to the ratios of the increments in the expected cost of the
deterministic schedule from small nodal demand increments
affecting both the pre- and post-contingency power balance
relations to the corresponding demand increments. Likewise,
the deterministic nodal prices in Table VII were calculated
from the same principle but, this time, only perturbing the
post-contingency power balance relations.

Comparing the first three rows of Table VII to the last three
rows of that table, we observe that during periods 1 and 3, when
load shedding is used in the stochastic solution, the stochastic
prices of security are much lower than the those of the determin-
istic schedule. During the remaining periods, the corresponding
prices of security are nearly identical. This demonstrates once
more that in this example, it is incrementally cheaper on average
to shed load than to schedule and deploy incrementally more ex-
pensive reserves.

Comparing the prices of energy in Table VIII, we find again
that the stochastic prices are generally lower than those of the
deterministic case. Like in the case of the prices of security,
we remark that during periods 1 and 3, the stochastic prices of
energy are lower than those corresponding to the deterministic
schedule. For example, the price of energy corresponding to the
stochastic schedule seen by the consumers at bus 3 during period
3 is 23% lower on average than that corresponding to the de-
terministic schedule. Such prices differences, thus, reflect pre-
miums assumed by the consumers for risking involuntary load
shedding.
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TABLE IX
BREAKDOWN OF EXPECTED COSTS—EXCLUDING NONSPINNING RESERVE

TABLE X
POWER (MW), RESERVES (MW), AND ELNS (MWH)

—EXCLUDING NONSPINNING RESERVE

D. Impact of Some Key Parameters

1) Nonspinning Reserve: The inclusion of nonspinning re-
serve in the market-clearing formulation requires the optimiza-
tion of the on/off generation status for all contingency scenarios.
This is a feature that for large systems leads to computational
intractability [1].

We have, therefore, examined the impact of ignoring nonspin-
ning reserve with the current small system. The first two rows of
Table IX show the breakdown of the expected costs without non-
spinning reserve. Comparing these results with the cost break-
down with nonspinning reserve in the next two rows, we see
that the expected cost components have increased without non-
spinning reserve. However, the expected cost associated with
post-contingency reserve deployment has gone down by 4.35%
because now this component does not include start-up costs. In
contrast, the expected cost of loss-of-load has jumped up by a
significant 182%. This increase is better explained by looking at
the reserves and generation schedules shown in Table X. Here
the loss of generator 1 is not covered during period 2, thus
causing a 30-MWh loss-of-load, unlike previously, where gen-
erator 2 was providing 30 MW of nonspinning reserve.

This is a good example of the tug of war between security
and economics. In fact, it can be shown that if the value of lost
load is raised to $1247/MWh in the case with spinning reserve

Fig. 3. Effect of the magnitude of the value of lost load at bus 3. (a) On the
ELNS. (b) On the total expected cost.

only, then the ELNS can be reduced back to the level found
in the case with nonspinning reserve (0.1221 MWh). This im-
provement in security, however, comes at a cost, principally by
increasing the expected cost of pre-contingency operation to
$7395.35 from $6868.15 and the expected cost of reserve de-
ployment to $241.27 from $238.51.

2) Value of Lost Load: We saw from the previous section
that raising the value of lost load (VOLL) can improve the se-
curity of supply in the sense of ELNS but that this comes at a
cost. Fig. 3 shows how the ELNS and the total expected cost
vary with VOLL. We observe that ELNS is initially relatively
insensitive to VOLL with a slight tendency to decrease mono-
tonically, with a sharp decline in the range between $300/MWh
and $1000/MWh. It is at these levels that the expected cost of
load shedding begins to be significant compared to the expected
cost of reserve deployment.

3) Ramping Limits: The effects of ramping limitations con-
stitute a prime concern in time-dynamic generation scheduling
problems, especially those with reserve constraints. So far, in
this case study, the generators were not constrained by ramp
limits because we assumed that they could ramp from zero to

and vice versa within a period.
Now we assume that generator 1 has a ramping limitation

of 29 MW/h, while generators 2 and 3 can still change their
output at the rates of 100 and 50 MW/h, respectively. These
rates apply for up- and down-going ramping, including startup
and shutdown ramps.

Comparing Table XI to Table IV, we observe significant
changes in the schedule due to the ramping limitations of
generator 1. A noticeable difference is the requirement that
generator 2 be turned on during the third period. Moreover, the
ramp limitations impede generator 1 from turning off during the
fourth period; this, as a result, forces generator 3 to back off by
the 21 MW that generator 1 has to produce. Another interesting
point is the scheduling of 2.5 MW of demand-side reserve
during the interval . This reserve, costing $20/MWh, is
used most notably to avoid deploying the reserve of generator
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TABLE XI
POWER (MW), RESERVES (MW), AND ELNS (MWH)—RAMP LIMITS

TABLE XII
ELNS (MWH) UNDER ALTERNATE SET OF CONTINGENCIES

2 into actual energy production (at the rate of $40/MWh)
following the loss of a line.

4) Set of Pre-Selected Contingencies: The choice of the pre-
selected contingencies can have significant effects. For example,
by adding a new contingency to an already existing set, the prob-
ability that no contingency occurs, , decreases, while the prob-
ability that at least one contingency occurs, , in-
creases. As a result, the pre-contingency expected welfare term
proportional to will generally carry less weight. The reserve
deployment expected cost term, however, is affected more sig-
nificantly, since the objective function must now account for the
extra expected cost. Furthermore, it may happen that the new
contingency requires more load shedding if its associated ex-
pected cost increment is smaller than that of reserve deploy-
ment. However, the addition of one more contingency to the ex-
isting pre-selected set cannot worsen the value of the true ELNS,
which considers all possible contingency scenarios.

To illustrate the above statements, consider the addition of
all double generator outages (assumed to occur independently
and simultaneously) to the original set of pre-selected contin-
gencies. The optimal stochastic generation and reserve schedule
is still identical to the one in Table IV; however, all the levels of
ELNS have now increased as seen in Table XII (for a total of
0.1236 MWh over the horizon). The small increments in ELNS

TABLE XIII
BREAKDOWN OF EXPECTED COSTS—ALTERNATE SET OF CONTINGENCIES

caused by the extra contingencies did not warrant scheduling
more reserve. This example demonstrates that, when using sto-
chastic market-clearing, new contingencies are not necessarily
fully covered in the deterministic sense (in fact, a deterministic
market-clearing would be infeasible in this case). In stochastic
market-clearing, when considering extra contingencies, addi-
tional reserve is scheduled only if the expected cost of reserve
scheduling and, especially, deployment is less than the expected
cost of load shedding.

Finally, comparing the expected cost component breakdown
for this example in Table XIII with the original breakdown using
the previous set of pre-selected contingencies shows that the
proportions of the expected cost components have shifted to-
ward the post-contingency control actions.

III. IEEE RTS STUDY

Here the stochastic market-clearing scheme is tested over a
24-h horizon on the IEEE RTS [2] shown in Fig. 4. This system
contains 32 generators, each submitting offers to produce en-
ergy consisting of four incremental cost/power blocks [2, Table
9]. These offers hold for each hour of the horizon and are based
on the fuel costs found in Table XIV [12]. The upper limit
of block 1 is considered as the minimum power output of the
thermal generators. In addition, the startup costs are the “cold”
values given in [2, Table 8]. Ramp rates, minimum up, and down
times are as listed in [2, Table 10]. The up, down, startup, and
shutdown ramps are all equal. The generator and line failure rate
data are found, respectively, in [2, Tables 6 and 12]. Lastly, we
assume that the nuclear (U400) and hydro (U50) generators are
must-run units.

The hourly demand data correspond to Tuesday of Week 45,
Winter Week Day, for the peak load of 2850 MW, while the spa-
tial demand distribution corresponds to that of [2, Table 5]. The
consumers are assumed to be inelastic. The value of lost load
is equal to $3000 per megawatthour for all buses during peak
hours—hours 8 to 20 inclusive—while it is equal to $2000 per
megawatthour during the remaining off-peak hours. The loads
offer spinning reserve, limiting their offers to 2% of their sched-
uled consumption for all hours and all buses. Both up and down
demand-side spinning reserve services are offered at the rate of
$50 per megawatthour during the entire scheduling horizon.

Given the size of this problem, the pre- and post-contingency
generator on/off variables are set to be equal; therefore, nonspin-
ning reserve services are not available. Moreover, we assume
that the generators offer the maximum possible amount of up
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Fig. 4. IEEE RTS.

TABLE XIV
FUEL COST DATA ($/MBTU)

and down-going spinning reserve, both at a rate equal to 25% of
their highest marginal cost of energy production.

The set of credible contingencies here consists of all genera-
tors having a capacity greater than or equal to 197 MW, specif-
ically, the three U197 units located at bus 13, the U350 unit
located at bus 23, and the two U400 units located at buses 18
and 21, respectively. This limited set is justified because it en-
compasses the contingencies with the most severe impact on the
system-wide expected load not served [13].

Like the small-scale study, this case was solved using the
mixed-integer linear programming solver CPLEX 9.0.2 under
GAMS [3]. With a pre-specified duality gap of 1%, the CPU
solution time was 40 minutes and 41 seconds on a Linux-based
server with 1.60-GHz processors and 2 GB of RAM. The
dimensions of the model are noteworthy: 1 018 033 vari-
ables—576 of which are binary1 —and 1 754 981 constraints.
A breakdown of the main contributors to the formulation’s

1The number of binary variables reflects the fact that eight of the generators
(U50 and U400) were assumed to be must-run. Moreover, we did not use extra
binary variables to model the startup and shutdown of the units. This saving is,
however, reflected in an increase in the number of constraints [14].

TABLE XV
BREAKDOWN OF THE DOMINANT VARIABLE AND

CONSTRAINTS—POST-CONTINGENCY

TABLE XVI
COMPARISON OF EXPECTED COSTS ($)—DETERMINISTIC VERSUS STOCHASTIC

variable and constraint counts is given in Table XV. We point
out that the numbers quoted here are those of the formulation
before the pre-processing engine of CPLEX is run, whose role
is to remove redundant constraints (rows) and optimization
variables (columns). Thus, after pre-processing, the problem
array size is reduced to 383 276 rows and 297 079 columns,
representing a more reasonable problem size. Examples of
redundant variables include the voltage angle of the refer-
ence bus, which is always fixed, or the pre-contingency load
shedding variables, which should always be equal to zero.
Likewise, redundant constraints include ramping limitations
applying to generators, which are forced to stay offline because
of minimum downtime restrictions imposed by the preceding
scheduling horizon.

From the above, it is clear that, notwithstanding the rel-
atively small size of the IEEE RTS, the dimensions of the
corresponding stochastic market-clearing scheme are high.
Nonetheless, some simplifications can be made to mitigate this
dimensionality issue. For example, instead of representing the
full grid, a zonal approach could be used, wherein only the
transmission links between a restricted number of areas are
modeled. Reducing the number of contingencies considered
can also lower the dimensionality, under the philosophy that it
is better to consider a few significant contingencies than none
at all. In addition, as mentioned in the companion paper, the use
of scenario reduction techniques [15]–[17] is promising, as are
decomposition techniques based on Benders’ decomposition
[18]–[21] and “branch-and-price” decomposition [22]–[24].
Not to be neglected are the constant improvements in the cost
and performance of computing machinery and optimization
codes. These allowed the development of the current ISOs in
the United States—something not conceivable 20 years ago.

Table XVI compares the breakdown of the expected cost of
the optimal stochastic schedule to the expected cost of the de-
terministic schedule where load shedding is not permitted. Just
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Fig. 5. Marginal prices of energy (solid line) and security (dashed line). (a) At
all buses except bus 7. (b) At bus 7.

as in the previous case study, the expected cost of the determin-
istic schedule is calculated through (1). Table XVI shows that
according to the stochastic schedule, the “Pre-contingency” and
“Reserve deployment” expected costs, particularly the latter, are
lower than the corresponding quantities under the deterministic
schedule. These stochastic schedule benefits are slightly eroded
by the expected cost of load shedding ($161); however, when we
consider all three effects, the stochastic solution provides a net
expected benefit of $4301. This is the VSS for this case study.
Lastly, we point out that the expected load shedding in the sto-
chastic schedule is applied at buses 8 and 20 (in the amount of
0.0404 MWh at each bus) during hour 1 when the value of lost
load is at its lowest level.

For the stochastic schedule, Fig. 5(a) shows the time evolution
of the marginal prices of energy and security at all buses except
bus 7, while Fig. 5(b) shows how prices vary at bus 7. During
hour 9, a significant price spike occurs raising security prices
to $43.46/MWh and energy prices to $51.29/MWh, everywhere
except at bus 7, where the prices remain at $5.84/MWh for secu-
rity and $13.67/MWh for energy. This price spike arises from a
number of factors. Referring to Fig. 4, during hour 9, the U100
generators located at bus 7 have plenty of cheap up-spinning
reserve available; however, they are limited by the transmis-
sion limit (175 MW) imposed by the line linking this bus to the
rest of the system. Also, during that hour, two out of the three
U197 generators must be scheduled off because of a minimum
down time constraint. Therefore, with so little capacity avail-
able, the operator is forced to a) turn on the four expensive U20
generators and b) schedule 1.71 MW of expensive demand-side
up-spinning reserve at bus 13.

IV. CONCLUSION

In the second part of this two-paper series, we have examined
examples of the market-clearing formulation with stochastic se-
curity proposed in the first companion paper.

In a small system case study, we assessed the impact on the
stochastic generation and reserves schedules of a) line flow

limits, b) nonspinning reserve, c) demand-side value of load
not served, d) ramping limits, and e) the pre-selected set of
contingencies. Moreover, we compared the scheduling results
of the proposed stochastic formulation with those obtained with
a purely deterministic formulation in which involuntary load
shedding is not allowed. The expected costs of preventive and
corrective security control actions were found to be lower in
the stochastic case. These savings were slightly diminished by
the expected cost of involuntary load shedding.

In the stochastic approach, we also observed that the balance
between security and cost is strongly impacted by the value
placed by the customers on involuntary load shedding. In addi-
tion, the prices of energy and of security were calculated for the
stochastic schedule and were compared to those corresponding
to the deterministic schedule without load shedding. This com-
parison showed that with stochastic market-clearing, when load
shedding is employed, the corresponding prices of energy and
security are lower than those under the deterministic schedule.
In essence, this means that as the risk of involuntary load shed-
ding increases, the consumers pay less for security and energy.

The second case study ran a 24-h stochastic scheduling of
the IEEE RTS. This study demonstrated that, for large-scale
cases, care must be taken to restrict the number of pre-selected
contingencies and their time of occurrence within the sched-
uling horizon. For instance, an inspection of the solution results
showed that the vast majority of the constraints remain inactive,
a property that warrants further investigation. We believe that
solution techniques based on delayed constraint generation and
Benders’ decomposition are promising strategies. These could
keep the size of the constraint set required in the core memory
to a more reasonable level while allowing for a larger degree of
parallelism. The fact that many of the constraints are inactive
also justifies the investigation of scenario reduction techniques
for stochastic programs proposed in the literature. These aspects
are currently under investigation.

Most importantly, however, these studies have underlined the
potential economic benefits of a stochastic market-clearing for-
mulation through the optimization of the expected costs of re-
serve deployment and involuntary load shedding.

APPENDIX

Consider the following security-constrained market-clearing
problem, optimizing the cost function

(2)

subject to

(3)

(4)

(5)

where the vectors and represent, respectively, all discrete
and continuous variables. The vector constraint (3) represents
the power balance under the noncontingent scenario, while (4)
represents the power balance conditions for each of the pre-se-
lected failure scenarios. The vector inequality (5)
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lumps all the remaining constraints. Associated with their re-
spective contraints (3)–(5) are the Lagrange multiplier vectors

, ; and .
The formulation of the companion paper [1] is a specific im-

plementation of the above mathematical program, where the
contingency scenarios are indexed such that .

Given an optimal solution to (2)–(5), under smooth-
ness assumptions and while keeping the discrete variables fixed
at , the marginal costs of energy and security at the optimal
solution are, respectively,

(6)

and

(7)

where represents an incremental vector perturbation of the
power balance relations under the noncontingent state (3), and

is a supplementary incremental perturbation of the power
balance relations in the failed states (4). Therefore, under mar-
ginal pricing, (6) and (7) become, respectively, the nodal prices
of energy and security. We refer the reader to [7] for a proof.
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